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Abstract 
 

The last two decades have brought on several significant technological breakthroughs, which 

allowed improving the accuracy and stability of atomic clocks by about three orders of 

magnitude. Specifically, this is the result of probing optical transitions in a variety of rare earth 

elements rather than microwave transitions in the ground state of Rubidium and Cesium atoms. 

Hence the reference atomic frequency is about five orders of magnitude higher. 

The systematic error budget that is reached by this type of clocks can be reduced down to a 

relative uncertainty of 10-18, and the statistical instability can be also averaged down to a similar 

value within only several minutes of operation. 

This unprecedented level of accuracy exhibited by the new clocks is orders of magnitude better 

than that of any other existing measuring device. Therefore, it is not only considered as an 

ultimate “frequency reference” but also as a sensor and a research tool for measuring gravity 

and exploring limits of theoretical predictions, including the foundations of quantum theory 

and relativity. 

At the foreseeable state of advances in the field, accurate comparisons between different types 

of optical clocks could allow for a new definition of the SI second and other basic constants 

that can be derived from it, in the near future. 

For the past two and a half years, I have been involved in the design and construction of the 

first optical lattice clock (OLC) in Israel. This clock is based on the 1S0 → 3P0 optical transition 

in 171Yb. This project is very engaging and challenging, but at the end, when the clock is fully 

operational, it will be an important achievement for the university as well as for the scientific 

community in Israel. Taking a major role in this project is very demanding in many aspects. 

On the other hand, this work is also satisfying as it is enabling me to develop my scientific 

skills and to contribute to the realization of an important cornerstone in a network of optical 

clocks in Israel. 

In this thesis I provide a detailed description of my work in designing, computing, and building 

the 171Yb OLC. This detailed documentation covers and explains all of the theoretical and 

technical aspects of the work. It is aimed to present my work to the scientific community and 

to help future students and researchers who join the clock team to learn about the system and 

about the fine details of its development. 
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The COVID-19 pandemic, which broke in Israel in March 2020, has slowed down the 

development work and although much was achieved, it is disappointing that some of the 

experimental innovations that we implemented in the clock system have yet to be tested at this 

stage. It is my intention that following the completion of this thesis I will complete the testing 

and hopefully publish some early results. 
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1. Introduction 
 

1.1 The Development of Time Measurement 
For thousands of years, humans have measured time in different ways. In ancient history, time 

was mostly measured by the motion of heavenly bodies, mainly the sun and the moon, which, 

in the wake of their motion, defined time constants - year, month, day, hour and second. More 

precise time measurement was achieved when the mechanical clocks were invented. For 

example, pendulum clocks enabled an accuracy with less than one minute of error per day. The 

20th century heralded the introduction of the quartz clock. Its relative accuracy was improved 

to 2∙10−8, which is an error of less than one second per year. 

 

1.2 Atomic Clocks 
The Scottish physicist James Clerk Maxwell was perhaps the first person to recognize that 

atoms could be used to keep time. In his 1873 “Treatise on Electricity and Magnetism” he 

wrote, “A more universal unit of time might be found by taking the periodic time of vibration 

of the particular kind of light whose wavelength is the unit of length”. There was no way of 

realizing this excellent idea in 1873, since the periodic time of light was much too short to be 

measured1. Maxwell remarkably suggested to William Thomson (Lord Kelvin) that the “period 

of vibration of a piece of quartz crystal” would be a better absolute standard of time than the 

mean solar second, but would still depend “essentially on one particular piece of matter, and is 

therefore liable to accidents.” Atoms would work even better as a natural standard of time, as 

Thomson wrote in the second edition of his “Elements of Natural Philosophy”, published in 

18792. 

Later, the atomic clock was invented, and it became the most accurate frequency standard in 

the world. Atomic ground-state microwave transitions are ideally suited for timekeeping, 

because the atom’s energy levels are largely immune to environmental effects. Microwave 

radiation oscillates very fast (about 10 billion times per second) compared to the reference 

frequency of a crystal oscillator (about 1 – 100 MHz), and therefore each time unit is divided 

into 100-10000 smaller parts, allowing for precision measurements of time and frequency. 

When microwave technology was applied to atomic spectroscopy, well defined atomic 

hyperfine resonances in alkali atoms started to be used as frequency standards. A basic 

operating scheme of such an atomic clock is depicted in Fig. 1.1. 
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Figure 1.1: A conventional schematic diagram showing the working principle of an atomic vapor clock.  

A tunable solid-state crystal oscillator (LO) is used to generate a reference frequency (typically 

10 MHz) which is then used to synthesize the microwave frequency of the atomic resonance. 

The microwave radiation is applied on the atomic sample and generates population changes 

between the two clock states. This population difference is a measure for the deviation of the 

microwave frequency from the atomic resonance and can be used to generate an error signal 

for “locking” the output of the LO on the atomic resonance.  In this case, any change in the LO 

output frequency is constantly detected and corrected. 

The first accurate atomic clock, a Cs standard based on a certain transition of the caesium-133 

atom, was built by Louis Essen and Jack Parry in 1955 at the National Physical Laboratory in 

the UK3. It is based on Ramsey interrogation (see chapter 2.3.2) of atoms that fly between two 

microwave antenna zones and during their time-of-flight (TOF) are not subjected to any applied 

disturbances by the driving microwave field.  This kind of clock continues to be develop and 

improve, and with the combination of laser cooling techniques which evolved in the 1990’s 

(Nobel Prize, 1997), led to the development of the fountain clock. In a fountain clock, a sample 

of ultra-cold atoms is launched upwards against the direction of gravity. As they travel up, they 

pass through a microwave antenna zone and after they reach the top of their trajectory they fall 

with gravity and pass through the same microwave region for the second time, realizing a 

longer TOF compared to a beam of “hot” atoms in a standard Ramsey beam clock. 

In 1967, the Bureau International des Poids et Mesures (BIPM) defined the second ‘s’ in 

standard international (SI) units according to the fixed numerical frequency of the unperturbed 

ground-state hyperfine transition frequency of the cesium-133 atom, which is 9,192,631,770 

when expressed in the unit Hz 4, equal to s–1.  
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The quality of a clock is mainly determined by two parameters: systematic uncertainty, 

typically called accuracy (the possible error of the measured transition frequency from its 

unperturbed value), and instability (the statistical precision that the clock exhibits in a 

measurement). The systematic uncertainty depends on physical experimental factors. For 

example, in OLCs, the leading terms that contribute to the systematic uncertainty are black 

body radiation (BBR) and collision shifts, as well as lattice light shift5. The statistical instability 

is usually measured by Allan deviation (ADEV), which is a measure of the correlation between 

one measurement interval and the one following it, and is given by6 

           𝜎ଶ(𝜏) =
ଵ

ଶ(ெିଵ)
∑ (𝑦ത௜ାଵ − 𝑦ത௜)

ଶெିଵ
௜ୀଵ ,    (1.1) 

where 𝑦ത௜ is the average value of the i-th of M fractional frequency values averaged over the 

measurement (sampling) interval, . One can estimate the ultimate frequency stability of a 

frequency standard by7 

𝜎(𝜏) =
ଵ

୏

୼ ஝

ఔబ

ଵ

ୗ/୒ 
ට

୘

த
 ,      (1.2) 

 where K is a constant of the order unity that depends on the shape of the signal, T is the 

duration of one measurement cycle and 𝜏 is the interval averaging time (during the interval of 

averaging, , several cycles of measurements can be made). According to this equation, there 

are two quantities having a linear effect on the stability of the clock: the resonance quality 

factor (Q = 𝜈0/ Δ𝜈) and the measurement signal-to-noise ratio (S/N). The quality factor is a 

dimensionless quantity that compares the width of a resonance, Δ𝜈, to its central frequency 𝜈଴. 

The S/N is also dimensionless, and it gives information about the fidelity of each measurement. 

In general, there are many sources of noise that could diminish the S/N, but under certain 

conditions it is possible to reach the “Standard Quantum Limit” (SQL) of  𝑆 𝑁ൗ = ඥN௔௧௢௠ , 

with Natom being the number of atoms interrogated8. For example, an excellent Cs beam clock 

(𝜈଴= 9.192,263,770 Hz) with narrow linewidth of 1 Hz, and typical Natom= 106, can reach an 

ADEV in the range of 10-13 after just 1 s of averaging time9.  

As noted, a considerable improvement in the accuracy of atomic clocks was made following 

the development of laser cooling technology. The short interrogation time of the Cs beam clock 

where the atoms pass between the two Ramsey zones at a speed of >300 m/s can be much 

extended. Therefore Δ𝜈 = 1/2𝑇ோ௔௠௦௘௬ (see Sec. 2.3.2) can be significantly reduced, and Q is 
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improved. Here, 𝑇ோ௔௠௦௘௬ is the “dark” time between the two Ramsey zones. In addition, the 

slowing down of the atoms by the laser cooling process reduces the Doppler broadening and 

the total linewidth. 

Today, the best fountain clocks are already working at their limit. The atom numbers are 

limited to about 106 atoms and the interrogation time is limited by the height of the fountain 

(~1 m). These constraints lead to a typical ADEV on the order of 10-13 in 1 s and long-term 

stability in the low 10-16 range 10. The understanding that microwave fountain clocks are already 

operating at their limit spurred the search for new experimental systems that can beat the 

limitations imposed on previous generations of microwave clocks. In particular, the invention 

of the optical frequency comb in 200011 opened new possibilities for using optical instead of 

microwave transitions, so that Q can be improved by up to a factor of 105.  

To compare completely different frequency standards, it is customary to use the relative 

quantity “fractional uncertainty”, where the frequency uncertainty  is divided by the central 

frequency 0. Unlike in the definition of Q, where is a fundamental limit derived from the 

width of the spectral line of the transition, equal to the natural linewidth of the atomic states, 

and in addition from the uncertainty principle limiting  to one over the measurement 

(interrogation) time (sometimes referred to as the Fourier limited linewidth), here  describes 

the practical uncertainty in the clock frequency, stemming from different noise sources. In 

general, statistical sources may be attenuated by statistical averaging. In such a case, we are 

left with systematic uncertainties. This is one of the reasons why the accuracy of a clock goes 

hand in hand with its stability, which allows for faster evaluations of systematic uncertainties5. 

Fig. 1.2 demonstrates the rate of improvement in the fractional uncertainty in optical clocks 

compared to microwave clocks. It is seen that the accelerated development of optical clocks 

allowed better fractional uncertainty values and that since 2007 optical clocks outperform the 

best microwave fountain clocks. Today the best optical clocks perform with about two orders 

of magnitude lower uncertainty relative to the best microwave fountain clocks. 
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Figure 1.2: The improvement in the fractional uncertainty of optical and microwave clocks over the years. 

 

1.3 Optical Clocks  
As discussed above, the straightforward way to achieve higher stability is to improve the 

quality factor. This fact drives the motivation to investigate forbidden electronic transitions in 

the optical domain rather than microwave hyperfine ground state transitions. The change in the 

clock transition from the microwave to the optical domain accounts for a potential 

improvement factor of 100,000. Optical clocks thus offer tremendous advantages for improved 

time and frequency metrology. They are already used for a secondary definition of the SI 

second and it is expected that in the near future, they will be used to redefine it much more 

accurately12,13. In fact, we hope that the 171Yb clock that is being developed in BGU will 

contribute to this definition in the future. Meanwhile, the BGU Atom-Chip Group is taking part 

in a European consortium under the EMPIR program, focused on robust optical clocks for 

international timescales (ROCIT)14. The ultimate goal of this program is for a new definition 

of the SI second based on a variety of optical clocks. For this purpose, the robustness of the 

clocks must be significantly improved and a program of accurate comparisons between remote 

clocks that are based on different atomic transitions must be performed. Although at this stage 

we aren’t contributing to frequency comparisons, we are contributing to the development of 

robust subsystems such as an autonomous laser locking system and an error correcting system 

that monitors and adjusts the seeding of free-space laser beams into single mode optical fibers. 

Such systems are necessary for extending the maintenance-free operation times of the clocks. 

Operation reliability is a key parameter that is still needed to be improved for allowing such 

types of clocks to primarily define and represent the SI second. In this respect, it is important 
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to mention that only recently, NIMJ reported a continuous operation of 171Yb clock for half a 

year15. 

The continuous improvements in accuracy and stability of optical clocks already enables 

scientists to set new limits to theoretical predictions and theories. For example, optical clocks 

can be applied to study the relationships between the quantum world and relativity16-19, to set 

new limits on basic physical constants20-22 and for searches for dark matter23,24. Further 

development of optical clocks seeks to enhance the miniaturization of the setup. Today, a 

typical optical clock setup can occupy a complete lab. However, there are efforts to produce 

mobile setups which can be used, for example, for geodesic surveys25,26.  

There are different types of optical clocks, but their basic principle of operation is similar, and 

they share similar components: A laser is electronically stabilized to a high-finesse and very 

stable optical cavity. This arrangement comprises the clock’s local oscillator. The role of the 

optical cavity is to reduce the phase noise of the laser and to keep the short-term stability of the 

clock. In parallel, an atomic system serves as a long-term frequency reference and as a 

calibrating reference. Specifically, light from the stabilized laser is used to probe a narrow 

atomic resonance. If any drift occurs in the stable cavity, the spectroscopy which is applied on 

the atomic system will identify it and provide an evaluation of its magnitude. Accordingly, a 

correction signal will be implemented on the output beam that exits from the clock. The 

corrections are implemented by using an acousto-optical modulator (AOM) and the output 

beam is used to lock a frequency comb. 

One of the main obstacles in the realization of optical clocks is the need to down-convert (so 

called frequency division) from optical to microwave and RF frequencies, to be used by 

electronic devices without degradation of the stability and accuracy provided in the optical 

domain. This frequency gap is also one of the reasons why the development of optical clocks 

was delayed, until the early 2000s, when the frequency comb was invented (Nobel Prize, 2005).   

During the 2000’s, the field of clocks based on optical transitions has rapidly evolved27, first 

with ions, and later with trapped neutral atoms28. In ion clocks a single ion is trapped and cooled 

in an ion trap7, while clocks that are based on neutral atoms make use of a lattice potential at a 

“magic frequency” to trap thousands of atoms at once7. Currently, the 171Yb+ ion clock29 

exhibits a systematic uncertainty of 3.2 ∙10−18, and OLCs with neutral atoms30 have reached a 

record frequency stability of 3.2∙10−19 and systematic uncertainty of 1.4 ∙10−18. 
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As noted, to this date, the ultimate systematic uncertainties of ion clocks and OLCs are very 

similar. However, the neutral atomic clocks can reach much better stability values at short 

averaging times thanks to the large number of trapped atoms that can be investigated 

simultaneously. Future improvements to the optical clock include attempts to improve the 

stability of ion clocks by capturing several dozen ions simultaneously while masking their 

interaction31. On the other hand, the accuracy of lattice clocks that trap thousands of neutral 

atoms is also pushed to new limits by further reduction of the BBR uncertainty5,32 as well as 

by reducing inter-atomic interactions 33. 

1.4 The Ytterbium (Yb) Atom 
87Sr and 171Yb are the two most common realizations of OLCs. First, both are fermions which 

are favored over bosons due to the fact that bosonic atoms might be found in a common lattice 

site and the shift is then dominated by collisions. This situation is minimized with fermions at 

low temperatures, and theoretically can even be totally avoided in a 3D lattice. The reason is 

that in a 3D lattice, each site occupies only one atom due to the Pauli exclusion principle34. For 

a 1D optical lattice, the two-dimensional lattice sites typically have multiple occupancy and 

the use of fermionic isotopes at ultracold temperatures is advantageous since the wavefunctions 

for identical fermions eliminate collisions from even partial-wave collision channels, including 

the lowest order s-wave. At the same time, the lowest odd-wave (p-wave) collisions can be 

suppressed at sufficiently low temperatures. This fermionic resistance to cold collisions (and 

collision shifts) makes fermions particularly good candidates for atomic frequency standards35.  

In addition, both atoms have narrow (forbidden) electronic transitions (1 mHz for 87Sr and 10 

mHz for 171Yb in the optical domain; 87Sr clock transition: 𝜆௖௟௢௖௞
ௌ௥ = 698 nm and 171Yb clock 

transition: 𝜆௖௟௢௖௞
௒௕ = 578 nm)36 which are essential for a high Q-factor. However, it is important 

to note that if the transition is totally forbidden, it will be impossible to excite. Hence, the 

transition symmetry must be broken by some atomic interaction, so that the transition 

probability will be finite. A forbidden singlet-triplet electronic transition in an element having 

two electrons in the external shell is a logical choice. The two clock states are the 1S0 (singlet 

ground state) and the 3P0 (triplet excited state). The radiative transition between these two levels 

is both spin- and dipole-forbidden: the number to the left of P and S represents the spin quantum 

number (and equals 2s+1), while the number to the right represents the total electronic angular 

momentum of the atom, J. According to selection rules, both ∆𝑠 ≠ 0 and J=0 → J=0 are 

forbidden transitions7. In addition, it is important to choose an odd isotope of those elements, 

also because the symmetry-breaking of the 3P0 state due to the hyperfine interaction with the 
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nuclei spin which in turn promotes mixing of the 3P0 level with other nearby states resulting in 

a hyperfine-quenched 3P0 lifetime of several tens of seconds37. These odd-mass-number 

fermionic isotopes are less abundant than the (spin-0) even-mass-number isotopes, but usually 

have enough natural abundance to carry out experiments. (The natural abundance38 of 171Yb is 

14.3%).  

While the nuclear spin is beneficial for its hyperfine quenching and resistance to cold collisions, 

it entails several other effects that could be deleterious for high-precision spectroscopy. The 

clock states are no longer purely J = 0, but instead should be labelled by their total angular 

momentum F = J + I. This effect creates 2I + 1 substates in both the ground and excited clock 

states, each substate with its own sensitivity to magnetic fields through the Zeeman effect. With 

Sr, for example, the only abundant odd isotope has I = 9/2, for which the complexity associated 

with these effects is substantial.  

Second, the spherical symmetry of the J = 0 state is partially lost, which allows for a small 

interaction between the atom and the polarization of the lattice light field. These concerns led 

researchers to revisit the idea of the (I = 0) even isotopes. Several theoretical proposals 

showed39-41 that the addition of an external field (either another light field or a magnetic field) 

could dramatically increase the transition strength without significantly perturbing the clock 

transition frequency. The trade-off, then, is between the simplicity of a pure two-level system 

for which we must calibrate the substantial frequency shift of the external field, or the benefits 

of the odd isotope transition, that comes with the additional complexity of nuclear substructure. 

But suppose the nuclear spin is small, I = 1/2 being the smallest. Then, there are only two 

ground states and two excited states, between which we could drive two π-transitions or two 

σ-transitions. This makes first-order Zeeman shifts and optical pumping more straightforward 

to control. Moreover, one can show that one of the substate-dependent light shifts (namely the 

tensor shift) is absent for this special case. Thus, the 171Yb spin-1/2 isotope enjoys many of the 

benefits of both higher- and zero-angular momentum systems and is ideally suited for high-

accuracy optical spectroscopy8.  

In addition to all this, and as noted above, one of the most influential contributors to the clock 

uncertainty is the black body radiation coming from the clock’s environment. Calculations 

show that the contribution to uncertainty arising from this effect at room temperature (300K) 

is not negligible when it comes to fractional uncertainties on the order of 10-18. Recent studies 

show, however, that compared to 87Sr and 199Hg, 171Yb clocks have the lowest sensitivity to 
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variations in ambient temperature in terms of BBR42.  This uncertainty can be reduced to a level 

of 1·10-18 by careful regulation of the temperature homogeneity and stability of the vacuum 

chamber43. Alternatively, the atoms in the lattice can be transferred to a cryogenic cell for the 

duration of the interrogation step in the experimental cycle44. The motivation for this approach 

is the T4 dependence of the BBR shift45.  

171Yb has some other useful accessible optical transitions that are required for performing 

primary and secondary cooling (reaching a Doppler limit of several micro-kelvin), as well as 

for detection and for repumping the atoms from the metastable 3P0 state to the ground state 

during the detection phase. Furthermore, 171Yb exhibits a magic wavelength, which allows 

trapping the atoms in the lattice while maintaining the energy difference of the clock transition 

unperturbed46,47. All relevant wavelengths are shown in Fig. 1.3.  

Several OLCs based on 171Yb atoms have been developed in national metrological institutes 

like the National Institute of Standards and Technology (NIST) in the USA, the National 

Metrological Institute of Japan (NMIJ-AIST) and RIKEN in Japan, the Korea Research 

Institute of Standards and Science (KRISS) and the Istituto Nazionale di Ricerca Metrologica 

(INRIM) in Italy. One Yb lattice clock is in use at MIT46, focused on improving the stability 

by generating entanglement between the atoms, which will hopefully will enable overcoming 

the standard quantum limit towards the Heisenberg limit48.  

For all the above reasons, we decided to base the BGU optical clock on 171Yb atoms. This is 

the first OLC to be developed in Israel and the second optical clock following the 87Sr+ ion 

clock developed in the group of Roee Ozeri at the Weizmann Institute49. We hope that with 

this clock we will be able to conduct various experiments in fundamental physics in the coming 

years. It is also planned that this clock will serve as a primary node in an optical network for 

distribution of time and frequency standards in Israel, which will allow for improved 

synchronization and research by state-of-the-art frequency comparisons.  

To conclude, Yb is an element with atomic number 70, which is the second last lanthanoid 

element that has a closed 4f shell and two electrons filling the outermost 6S orbital. There are 

seven stable isotopes of Yb. Because the atomic number is even, nuclear spin is nonzero only 

for fermionic isotopes, 171Yb and 173Yb. The electronic structure and the relevant atomic 

transitions of 171Yb are described in Fig. 1.3.  
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Figure 1.3: Relevant energy levels for 171Yb including the hyperfine splitting of the clock transition. The 

1S0→3P0 transition is the clock transition at =578 nm (yellow laser, see Sec. 7.5) with <10 mHz. The 1S0→1P1 

strong transition at 399 nm (blue laser, see Sec. 7.1) is used for first stage laser cooling and for detection. The 
1S0→3P1 transition at 556 nm (green laser, see Sec. 7.2) is used for second stage cooling in a 3D MOT and for 

spin polarization. The 1389 nm laser light (Sec. 7.4) is used for repumping during the spectroscopy stage (the 

wavy arrows represent decay of the repumped atom from the 3D1 state to the ground state, via the 3P1 state). The 

759 nm (Sec. 7.3) is the ‘magic wavelength’ for the optical lattice trapping potential. 

  

In the following chapters of this thesis, I will describe our clock system and its operating 

principles in detail.  
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2. Theoretical Background 
 

2.1 Atom Cooling & Trapping 
2.1.1 Laser Cooling 

According to the principle of momentum conservation, an atom can be slowed down by 

absorbing light, if it moves in the opposite direction to a resonant laser beam. The atom will 

then absorb photons from the beam, with every such absorption being associated with a quanta 

of momentum transfer ℏ𝒌. In the above scenario, this momentum “kick” is always in the 

opposite direction to the atom’s direction of propagation. However, the spontaneous emission 

which follows each absorption occurs in random directionality. Therefore, the net force after 

many such cycles resembles a friction force. The atom is effectively slowed down (“cooled”) 

by the laser beam. One can estimate the deceleration of the atom according to this process as 

the absorption rate multiplied by the photon momentum50 

        𝒂 = ℏ𝒌
୻

ଶ௠

ூ ூೞ⁄

ଵାூ ூೞ⁄ ା(ଶ୼ ୻)మ⁄
 .    (2.1) 

Here, Γ is the linewidth of the excited state, m is the mass of the atom, 𝐼 and 𝐼ௌ are the laser 

light and saturation intensities, and Δ is the detuning of the laser frequency from resonance. If 

𝐼 ≫ 𝐼௦,  and Δ  is small relative to Γ, the deceleration is approximated to be 𝒂௠௔௫ = ℏ𝒌
୻

ଶ௠
.  

This limit is set by the spontaneous emission rate, or excited state lifetime1/Γ, which 

determines the number of scattered photons per unit time. The factor ½ is a consequence of the 

saturation regime where the laser intensity is so high, that as soon as the atom decays, it is 

immediately re-excited. This means that the populations of ground and excited states approach 

½. To quantify this force, we can consider 171Yb (m ≃ 2.86∙10−25
 kg) atoms with the 1S0 – 1P1 

transition at λ = 2π/k = 399 nm and Γ/2 = π∙29 MHz ≃ 9∙107 photons scattered per second at 

saturation. The resulting acceleration is a ≃ 5∙105
 m/s2 which is about 50,000 times larger than 

the Earth’s gravitational acceleration. For comparison, the 1S0 – 3P1 transition at λ= 556 nm and 

Γ/2 = ∙182 kHz ≃ 5.7∙105, has a resulting maximal acceleration of just a ≃ 2.3∙103
 m/s2. We 

will explain further on why this latter transition is also used in the cooling process, although it 

is apparently much less effective. 

The use of pairs of counter propagating laser beams with the same intensity and detuning (< 

0) allows slowing the atoms as well as narrowing the velocity distribution in the direction of 

the laser beam. This is primarily because is velocity dependent via the Doppler effect. 
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Including the Doppler shift D=v/c=kv, the force exerted on the atoms by two identical 

counter propagating beams at frequency 𝜔 is 

𝑭 = ℏ𝒌
୻

ଶ
[

ூ ூೞ⁄

ଵା[ସ(ఠିఠబି௞௩)మ] ୻మ⁄
−

ூ ூೞ⁄

ଵା[ସ(ఠିఠబି௞௩)మ] ୻మ⁄
].   (2.2 ) 

This equation shows that an atom at rest will experience no force from the laser beams. While, 

if the atom is moving towards one of the two beams, the balance between the scattering rates 

is violated and it will experience a force countering the direction of its motion. Let us 

emphasize, that the probability of absorbing photons from the beam co-propagating with the 

atom's velocity is very low due to the red-detuning (<0) of the laser beams. 

Expanding this force for small velocities gives 

𝑭 ≅ −𝛼𝐯 + 𝒪(vଷ),     (2.3) 

which corresponds to a friction force with damping coefficient 

𝛼 = −8ℏ𝑘ଶ ூ

ூೞ

୼ ୻⁄

ଵା(ଶ୼⁄ )మ
.    (2.4) 

This friction force is indeed positive for  < 0 and it maximized for  = −Γ/2. This kind of 

arrangement is called optical molasses. 

The concept of laser cooling implicitly refers to the temperature of the atomic sample. Since 

the system is not in thermal equilibrium, but rather in a steady-state regime where the atoms 

are in continuously interaction with the light, the temperature is not trivially defined. From the 

equipartition theorem we can express an effective temperature from the averaged squared 

velocity ⟨v2⟩ of the atomic ensemble in the optical molasses as 

   
ଵ

ଶ
𝑘஻𝑇 =

ଵ

ଶ
𝑚〈vଶ〉.     (2.5) 

A steady state is achived when the radiation pressure force equals the heating effects that are 

caused by the atom recoil after spontaneous emissions together with fluctuation in the intensity 

of the laser beams. This sets a lower temperature limit called the Doppler temperature 

    𝑇஽ =
ℏ୻

ସ௞ಳ

ଵା(ଶ୼ ୻⁄ )మ

(ଶ୼ ୻)⁄
,     (2.6) 

which is minimized for || = Γ/2 (tantamount to maximal damping force) giving 
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                 𝑇஽
௠௜௡ =

ℏ୻

ଶ௞ಳ
 .     (2.7) 

The Doppler limit is a useful tool to estimate the lowest temperature as a function of the atomic 

transition linewidth. Getting back to the 171Yb example, the strong 1S0 – 1P1 transition has a 

linewidth of Γ = 2∙29 MHz, obtaining 𝑇஽
௠௜௡≃ 700 K. However, if we laser-cool on the weaker 

(spin forbidden) 1S0 – 3P1 transition that has a linewidth of Γ = 2∙182 kHz, we will reach a 

much lower temperature 𝑇஽
௠௜௡≃ 5 K.  

 

2.1.2 Magneto Optical Trap (MOT) 
So far, we showed how to reduce the average velocity of an atomic ensemble by laser radiation 

and thus cool it. But, if we want to control the cloud position, and increase its density, it is not 

enough. In addition to the friction force, we also need to apply a restoring force which will 

keep the atoms close to one point in space. This can be achieved by adding a magnetic gradient 

and taking advantage of the Zeeman interaction. While light also provides the restoring force, 

the Zeeman interaction provides the necessary selection rules. 

 

 

 

Figure 2.1: (a) A simplified picture of laser cooling and trapping of an arbitrary atom having a ground state 

hyperfine level Fg=0 and a Zeeman state Mg=0. In the presence of a magnetic field, the degenerate excited state 

hyperfine level Fe=1 is split to three Zeeman levels Me=-1, 0, +1. An atom moving to the left or to the right 

from the center will experience a restoring force by absorbing light from only one direction. (b) A schematic 

description of anti-Helmholtz coils with the six laser beams’ direction and polarization, creating a 3D MOT. The 

polarizations are in the laboratory frame. In the frame of the local magnetic field (local quantization axis), the 

two beams on the quadrupole axis should have the same polarization, and all 4 additional beams should have the 

opposite polarization. 

(a) (b) 
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Considering a simple 1D case, the presence of an inhomogeneous external magnetic field of 

the form B(z) = b∙z which changes its sign at the origin, induces a linear spatially dependent 

Zeeman splitting of the atomic levels that nulls at z = 0. In the hypothetical case of an atom 

with total angular momentum Mg = 0 for the ground and Me = 1 for the excited state, the 

external magnetic field will remove the degeneracy and split the excited levels to three by the 

Zeeman effect 

                     Δ𝐸(𝑧) = 𝑔ி  𝜇஻𝑀௘𝐵(𝑧),     (2.8) 

where 𝑔ி is the Landé factor for the excited state, is the Bohr magnetron and Me = 0, +1 or 

-1 are the possible projections of the total angular momentum along the magnetic field axis. 

The spatial gradient of the external magnetic field causes the atomic resonance to become space 

dependent.  

Fig. 2.1(a) shows a configuration of two red-detuned, counter-propagating laser beams of 

opposite circular polarizations, with a Zeeman shifted excited state, that is used to ensure that 

atoms propagating away from the center, absorb photons from only one side, giving them a 

recoil in the direction of the center. In Fig. 2.1(b) we demonstrate how a 3D magnetic gradient 

with zero at the origin is realized by a pair of anti-Helmholtz coils. In this configuration the 

currents in the two coils are flowing in opposite directions, thus generating a zero field right in 

the middle between the coils on the axis connecting the centers of each coil. As a result, the 

direction of the magnetic field along each of the three axes is flipping at the origin. 

With the addition of the Zeeman shift to Eq. 2.2, the radiation force is always directed toward 

the center of the trap. It can be quantitatively expressed as 

  𝑭 ≅ ℏ𝒌
୻

ଶ
[

ூ ூೞ⁄

ଵା[ସ(ఠିఠబି௞୴ି௚ಷఓಳ௕௭ ℏ⁄ )మ] ୻మ⁄
−

ூ ூೞ⁄

ଵା[ସ(ఠିఠబା௞୴ା௚ಷఓಳ௕௭ ℏ⁄ )మ] ୻మ⁄
].  (2.9) 

Expanding this equation for small z and v we obtain 

 𝑭௭ ≅ −𝛼𝐯 − 𝜅𝒛 , with  𝜅 =
𝑔𝐹𝜇𝐵𝑏

ℏ𝑘
𝛼 and 𝛼 = −8ℏ𝑘ଶ ூ

ூೞ

୼ ୻⁄

ଵା(ଶ୼⁄ )మ
 ,  (2.10) 

which is the equation of a damped harmonic oscillator with spring constant κ. The method can 

be extended in the 3D case by using three pairs of counter-propagating polarized laser beams 

along the three orthogonal axes, and a quadrupole magnetic field generated by a pair of anti-

Helmholtz coils [see Fig. 2.1(b)]. In this setup which is called a magneto optical trap (MOT), 
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the atoms are both cooled and trapped. To conclude, thermal atomic vapor in ultra-high vacuum 

chambers (pressure < 10−9
 torr) can be cooled and its density may be increased. After a brief 

loading time, the MOT reaches its steady state when the number of atoms lost mainly due to 

collisions with residual gas particles equals the rate of collecting atoms from the background 

vapor. 

In the case of 171Yb, the MOT is realized in two stages. In the first stage we use a “blue” 399 

nm 2D MOT, operating on the strong 1S0 – 1P1 transition, for slowing the atoms along two axes. 

This transition has a large capture range in velocity due to the short lifetime of the transition. 

This stage is necessary for preventing the atoms from exiting the cooling zone, but on the other 

hand, the Doppler limit is high (≃ 700 μK) and the atoms’ temperature is not cold enough for 

trapping them in the lattice potential. This is the role of the second 3D “green” cooling stage at 

556 nm, which does not cause strong acceleration, and allows for a much lower temperature 

limit (≃ 5 μK). 

 

2.2 Optical Lattice for Atomic Frequency Reference 
2.2.1 Optical Lattice and the ‘Magic Frequency’ 
After the first and second cooling stages, the atoms are cold enough for trapping them in an 

optical lattice potential with a spatially periodic intensity pattern, created by a standing wave, 

typically made by counter-propagating beams, or as in our case, a cavity. The optical potential 

is a result of the induced dipole interaction with the electric field of the focused laser beams. 

In the presence of laser light at frequency  and electric field E(), an atom experiences an 

AC Stark potential7,33 

  𝑈௜(𝜔) = −
ଵ

ସ
𝛼௜(𝜔)|𝐸(𝜔)|ଶ = −

ଵ

ଶఌబ௖
𝛼௜(𝜔)𝐼,   (2.11) 

where i(is the real part of the induced polarizability of the atom in state i, and 𝐼 =
ଵ

ଶ
𝜀଴𝑐|𝐸(𝜔)|ଶ is the laser intensity. If there is an intensity gradient, a dipole-force is applied on 

the atom 

    𝑭 =
ଵ

ଶఌబ௖
𝛼௜(𝜔)∇ሬሬ⃗ 𝐼.     

According to the fact that i depends on the laser detuning, this force is directed towards the 

high intensity area in the case of red-detuning and in the opposite direction in the case of blue-

detuning (the detuning is with respect to the resonance frequency between two atomic levels). 
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 A focused laser beam can trap thousands of atoms at high densities. However, this situation is 

not favorable for achieving an accurate atomic clock due to the uncertainty that is associated 

with the interactions and the collisional shifts between the atoms. The way to circumvent this 

situation is to load low density atomic samples into an optical lattice potential that is created in 

the waist of the laser standing wave. As a result, every lattice site will hold very few atoms 

(possibly only one), and thus the collisional uncertainty can be significantly reduced. The three 

possible optical potentials are: 3D lattices, which generate an “egg-crate” shaped configuration; 

2D potential which results in “cigar” shaped traps; and a 1D lattice that creates traps in the 

shape of “pancakes” every half wavelength.  

The 1D lattice potential is the easiest and most common configuration to produce, in most cases 

it is also sufficient as collisional shifts become smaller compared to other possible 

uncertainties, such as BBR. Naturally, we plan to use a 1D lattice potential in the early stages 

of our clock development and modifications are considered as will be discussed later in the 

outlook. 

A 1D optical lattice potential can be easily achieved by retroreflecting a focused laser beam as 

depicted in Fig. 2.2. Every half a wavelength, this lattice potential has alternating regions of 

high and low light intensities in the shape of “pancakes”. In the case of red-detuned light, the 

atoms will be attracted to the high intensity regions on the one-dimensional lattice. 

Alternatively, the lattice can be generated inside a Fabry-Perot (FP) resonator and achieve 

significantly higher intensities.  

 
Figure 2.2: A conventional optical array for creating a 1D lattice. A focused Gaussian laser beam is 

retroreflected by a curved mirror. At the top – repeating “pancake” shaped nodes and anti-nodes of light 

intensity every half a wavelength.  

 

The lattice configuration makes it possible to hold thousands of atoms in thousands of lattice 

sites. This property is important for achieving high S/N. In addition, relative to free-falling 

atoms in a similar-sized chamber, the atoms can be trapped in such a lattice for a long time, 

thus allowing high Q. The tight confinement (high trapping frequency) suppresses the Doppler 
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shift thus reducing this uncertainty. All of these factors contribute to the unprecedented stability 

of the clock (see Eq. 1.2). Let us also mention here that the high trapping frequencies made 

available (in 1D) by the lattice, enable side-band cooling (see Sec. 2.2.2). 

It is also worth noting that when the trap frequency is higher compared to the recoil energy, 

there will be no heating during the probing or detection of the atoms (so-called Lamb-Dicke 

regime). This is another important benefit of a 3D lattice configuration, where the potential is 

tight in any direction, and thus absorption or emission recoil cannot excite the atoms. One can 

present the 1D lattice as an attractive potential of the form 

 𝑈(௭,ఘ) = −𝑈଴𝑐𝑜𝑠ଶ(2𝜋𝑧/𝜆)𝑒ିଶఘమ/ఘబ
మ
,   (2.13) 

where z and  are the longitudinal and radial coordinates respectively, U0 is the trap depth (at 

the center of the Gaussian beam and at the central anti-node point of the standing wave), and 

𝜌଴ is the beam waist radius. The trap depth can be deduced from the (one pass) optical power 

P as7 

𝑈଴ =
ସఈ೔(ఠ)௉

௖ఌబఘబ
మ .     (2.14) 

The dipole interaction giving rise to the AC Stark shift is used for trapping the atoms in a 

lattice, but it creates a new problem for the frequency calibration of the standard: The position 

and time dependent intensity variations in the trapping field, will perturb the clock transition 

in an uncontrolled manner.  

The frequency Stark shift to state i is 

Δ𝜔௜ = −
ଵ

ଶℏ
𝛼௜(𝜔௅ , 𝑒)𝑬଴

ଶ,    (2.15) 

i(𝜔௅, 𝑒) being the atomic polarizability tensor in direction 𝑒 in response to the laser frequency 

𝜔௅, and 𝐸଴ is the amplitude of the electric field of the laser light. 

The frequency difference between the ground and the exited states becomes47 

         𝜔෥௘௚ = 𝜔௘௚ −
ଵ

ଶℏ
Δ𝛼௘௚(𝜔௅ , 𝑒)𝑬଴

ଶ + 𝒪(𝑬଴
ସ),   (2.16) 

where Δ𝛼௘௚ = 𝛼௘ − 𝛼௚ is the difference of dipole polarizabilities between both states.  
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It is practically impossible to stabilize the laser intensity so as to make this shift constant in 

time.  Furthermore, because of the intensity gradient in the trap, this shift is also position 

dependent.  In 2002, H. Katori proposed to tune the lattice frequency to null the polarizability 

difference by operating the lattice at a “magic frequency”28,51. at which 𝛼௘൫𝜔௠௔௚௜௖൯ =

𝛼௚൫𝜔௠௔௚௜௖൯, and so Δ𝛼௘௚ = 0. Fig. 2.3 shows the polarizabilities of the 1S0 and 3P0 clock states 

in the 171Yb atom. The magic wavelength occurs at 759.35596 nm8. In addition, it has been 

demonstrated that the scalar nature of the clock states (J = 0) gives a negligible dependency on 

the polarization of the lattice light, and consequently we can drop the 𝑒 dependency of the 

scalar polarizability. 

 

 

Figure 2.3: AC Stark shift on the clock ground (red) and excited (blue) states in 171Yb. The cross point at ~759 

nm is the ‘magic wavelength’. In addition, one can see the weak dependence of the ground state shift on the 

lattice wavelength in comparison to the excited state shift. Taken from47. 

  

When approaching fractional uncertainties below the 10−16 level, the concept of zero 

differential Stark shift breaks down and higher order corrections need to be considered52. 

𝒪(E0
4) in Eq. 2.16 is the second order term that contributes to the Stark shift. Taking this term 

into account gives 

  𝜔෥௘௚ = 𝜔௘௚ −
ଵ

ଶℏ
Δ𝛼௘௚(𝜔௅)𝑬଴

ଶ +
ଵ

଺ସℏ
Δ𝛾௘௚(𝜔௅ , 𝑒)𝑬଴

ସ .  (2.17) 

The second order shift is characterized by the difference between hyperpolarizabilities of the 

upper and lower states, Δγ, coming from two-photon interactions close to the magic 

wavelength. Even though the scalar term is nulled at the magic wavelength, the quadratic term 

still introduces a shift of about 10−17 to the clock transition, which, if not properly controlled, 

can limit the accuracy of the standard53. 
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2.2.2 Sideband Cooling in an Optical Lattice 
The potential of the Stark interaction described in Eq. 2.13 is approximated as: 

𝑈(𝑧, 𝜌) ≈ 𝑈଴ ൤ቀ
ଶగ௭

ఒ
ቁ

ଶ

+
ଶఘమ

ఘబ
మ ൨ =

ଵ

ଶ
𝑚𝜔௭

ଶ𝑧ଶ +
ଵ

ଶ
𝑚𝜔ఘ

ଶ𝜌ଶ       (2.18) 

with  𝜔௭ ≡
ଶగ

ఒ
ට

ଶ௎బ

௠
  and 𝜔ఘ ≡

ଵ

ఘబ
ට

ଶ௎బ

௠
 , where m is the atom mass. The variation of the 

intensity along the longitudinal z direction is much greater compared to that in the transverse 

directions, and effective sideband cooling is performed along this axis. The well-known 

(longitudinal) energy levels are: 

  𝐸௡ = ℏ𝜔௭(𝑛 + 1 2⁄ ),    (2.19) 

where the integer n is the vibrational quantum number.  The atomic wavefunction can be 

divided into two parts: the electronic part (internal degree of freedom) and the motional part 

(external degree of freedom). The energy levels of the trapped atoms are also described 

separately. Consequently, when the trapped atoms are probed by a laser sent along the lattice 

axis, they can make purely electronic transitions |g, n⟩ → |e, n⟩ at the electronic transition 

frequency 0, or can exchange a quantum of motion |g, n⟩ → |e, m⟩ at frequency: 0+(m−n)z. 

Let us define called the ‘Lamb-Dicke parameter’, as the square root of the ratio between the 

recoil energy of an atom exchanging a photon at the probing light resonance 0, and the energy 

spacing between the longitudinal harmonic oscillator levels: 

𝜂 = ට
ℏఠೃ೐೎೚೔೗

ℏఠ೥
=

ଶగ

ఒ
ට

ℏ

ଶ௠ఠ೥
= 2𝜋

∆௭

ఒ
 ,    (2.20) 

where z is the ground state size of the harmonic potential. If η ≪ 1, the atom is in the "Lamb-

Dicke regime" where it is trapped in a region smaller than the wavelength of the probing 

transition. In this regime, the dominant motional transitions are ∆𝑛 = 0, ±1 
54. Furthermore, 

under these conditions, the atoms are not heated up in the lattice due to recoil. Sideband cooling 

is performed on the clock transition with a narrow linewidth laser ~ 1 Hz, while the typical 

motional frequency in the lattice 𝜔௭ is in the order of a few kHz. The situation occurring when 

the transition linewidth is much smaller than the motional frequency is called “resolved 

sideband cooling”. 
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The possible motional transitions in the Lamb-Dicke regime are shown in Fig. 2.4(a), and their 

relative amplitudes in Fig. 2.4(b). The relative amplitude of the motional sidebands carries 

information about the average occupancy of the motional energy levels.  

 

 
Figure 2.4: (a) Schematic description of the internal energy levels (ground |g⟩ and excited |e⟩ states) and the 

external energy levels (|n⟩) of a trapped atom in an optical lattice. Black indicates the carrier, which is a pure 

electronic transition while red is the first red sideband and blue is the first blue sideband. Here, fz=z/2 

(b) Schematic sidebands spectrum, with equal spectral spacings of n×fz . One can see the carrier unpertubed 

electronic transition, and the well-resolved sidebands. Taken from35. 

 

When atoms are strongly trapped in the optical lattice they are distributed among the vibrational 

levels of the trapping potential. In the sideband cooling technique, a red-detuned light pulse, 

resonant to the transition |g,n⟩ → |e,n − 1⟩ is applied. This pulse drives a forbidden motional 

transition according to the Frank-Condon overlap integral ⟨𝑛|𝑛 − 1⟩55. The lifetime of the 

excited state is very long and this driving field will only induce Rabi oscillations between the 

two states and will not cool the atoms in the lattice. However, if a second (repumper) laser to 

pump the atoms from |e,n − 1⟩ to a fast decaying state |e’,n − 1⟩  is applied, a sponteneous decay 

process |e’,n − 1⟩ → |g,n − 1⟩ will follow dominantly without a change of a motional quantum 

number as first demonstrated by Diedrich et al.56. The overall process is |g,n⟩ → |g,n − 1⟩, 

hence a loss of vibrational quanta in the ground state and cooling to the zero motional level 

after susequent cycles. 
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Figure 2.5: Sideband spectra of the trapped atoms with (blue) and without (red) sideband cooling at the same 

trap depth. A strongly suppressed red sideband is visible in the blue curve. The only difference between the two 
spectra is that the repumper is activated during sideband cooling. Taken from57. 

Once the atom approaches the ground state, it can no longer be excited by the red sideband, 

and consequently, the red sideband of the spectrum is significantly suppressed as can be seen 

in Fig. 2.5, resulting in a reduced atomic temperature in the longitudinal direction to a few μK. 

 

2.3 Spectroscopy Methods 
2.3.1 Rabi Spectroscopy 
The basis of the atomic clock is a well-defined two-level system driven by an electromagnetic 

radiation field from a local oscillator. As early as the 1930s, I. I. Rabi explored and described 

such systems, and provided the physical and mathematical basis for their analysis (Nobel Prize, 

1944). Using this theory, the atomic transition frequency of atoms trapped in an optical lattice 

can be investigated and applied for the calibration of drifts in the local oscillator output 

frequency. 

When an applied radiation field excites a two-level system, the population of the excited level 

depends on the intensity, the duration  (to be distinguished from the averaging time used in 

Eq. 1.2), and detuning of the radiation from the resonance , according to the expression58 

𝑃௘(𝛿, 𝜏) =
ஐమ

ஐᇲమ 𝑠𝑖𝑛ଶ(
ஐᇲఛ

ଶ
),     (2.21) 

where the Rabi frequency is equal to 
ௗ⃗∙ாሬ⃗

ℏ
 and Ωᇱ ≡ √Ωଶ + 𝛿ଶ is the generalized Rabi 

frequency. Here, 𝑑 is the transition dipole moment for the specific transition and 𝐸ሬ⃗  is 

the electric field of the radiation vector. One can see that if 𝜏 =
గ

ஐ
  (-pulse), the probability 

becomes a squared sinc function that is maximized for = 0, as shown in Fig. 2.6. The Fourier 
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limited FWHM of the resulting line-shape central fringe is ∆𝜈ோ௔௕௜ ∝ 1 𝜏⁄ , which emphasizes 

the importance of an extended interrogation time, . Longer  gives narrower spectroscopic 

lines, but in practice, the linewidth of the probing laser limits the measured transition linewidth 

and longer interrogation times are not necessarily beneficial47. 

 

Figure 2.6: (a) A Rabi pulse. (b) Typical Rabi spectrum obtained with a  pulse. Taken from47. 

In this spectroscopic technique, the atoms are excited using a -pulse of the clock laser (578 

nm, Fig. 1.3), while the detection laser (in our case, the 399 nm laser driving a strong transition 

to collect high fluorescence) counts the ground level population, and the clock laser is tuned 

by a feedback loop so that the excited state population is maximized, thus keeping =0. 

2.3.2 Ramsey Spectroscopy 
Another spectroscopic method was developed by Rabi’s student, N.F. Ramsey, in 1950 (Nobel 

Prize, 1989). In this technique, the two-level system is irradiated by two exciting /2 pulses at 

a duration of  =  separated by a free evolution time (‘dark time’). If the two-level system 

is initialized in the ground state (one of the poles of the Bloch sphere, on the z axis), the first 

/2 pulse rotates the Bloch vector by 90 degrees, and brings it into a superposition state (on the 

equator, or the x-y plane, of the Bloch sphere). During the free evolution time T, the 

superposition freely evolves without any disturbance of the driving field at a frequency ω0, 

which is the frequency between the ground and excited state. After the dark time, the second 

/2 pulse is applied and again rotates the vector by 90 degrees. At the interrogation stage, the 

measurement collapses the atom into one of the two basis states on the z axis. If we consider 

an atomic ensemble, the statistics of the excited state population is a measure of the phase 

accumulated during the dark time, where the excitation probability may be expressed as59 

(a) 

(b) 
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  𝑃௘(𝛿, Ω, 𝜏, 𝑇) =
ସஐమ

ஐᇲమ 𝑠𝑖𝑛ଶ(
ஐᇲఛ

ଶ
) ቂ𝑐𝑜𝑠 ቀ

ஐᇲఛ

ଶ
ቁ cos ቀ

்ఋ

ଶ
ቁ −

ఋ

ஐᇲ
𝑠𝑖𝑛 ቀ

ஐᇲఛ

ଶ
ቁ sin ቀ

்ఋ

ଶ
ቁቃ

ଶ

, (2.22) 

where 𝛿 = 𝜔 − 𝜔଴ and 𝜔 is the frequency of the driving oscillator.  

A typical Ramsey spectrum is shown in Fig. 2.7, where we can identify a broad envelope (width 

∝ 1 𝜏⁄ )  called a Rabi pedestal, with many fringes. If T ≫ τ, then the linewidth of the central 

fringe is60 Ramsey =1/2T  (note the extra factor of 2 relative to the classical uncertainty 

relation). 

 

 
Figure 2.7: (a) Typical Ramsey sequence composed of two /2 pulses, separated by a dark time T. (b) The 

Ramsey envelope with the Rabi signal shape. Taken from47. 

 

The choice of Ramsey spectroscopy maximizes the line Q factor in comparison to the Rabi 

method (the achievable resolution with Ramsey excitation is about twice that of Rabi excitation 

for the same interrogation time7). However, although Ramsey spectroscopy gives narrower 

features at equal spectroscopy times, its use is more complex and causes experimental difficulty 

in controlling the phase of the probe laser between the two pulses. Therefore, its benefits should 

be weighed in light of these difficulties60-62. 

 

(a) 

(b) 
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3. Clock setup 
 

3.1 General Description 
Fig. 3.1 shows a blocks-diagram of the clock systems. Each subsystem (block) will be explained 

in detail in the following chapters. See also Fig. 1.3 for the energy level diagram. 

 
Figure 3.1: A diagram of the whole clock system. The 1156 nm laser [(1), see Sec. 7.5] used as a local oscillator. 

It is calibrated by 171Yb atoms (2), stabilized by a 30 cm long high-finesse cavity [(3), Chap. 6] and forms the 
clock output signal via an optical frequency comb [(4), Chap. 9]. The optical fibers from the laser to the cavity 
and to the comb are stabilized by a mini-link system [(5), Chap. 10].  The trapping of the Yb atoms takes place 
in a vacuum system [(6), Sec. 3.2], which includes a 2D MOT chamber [(7), Sec. 3.3] for preliminary cooling 

and a 3D MOT chamber [(8), Sec. 3.4] for secondary cooling and trapping. The Yb atoms come from two 
optional sources [(9), Sec. 3.2] – an oven or a dispenser, and are eventually trapped and detected in an optical 

lattice [(10), Chap. 8]. The cooling, trapping, and detecting processes require several lasers at different 
wavelengths. All of these lasers are stabilized by a 5 cm long cavity [(11), Chap. 5]. The 798 nm laser [(12),  

Sec. 7.1] is doubled (13) and used for preliminary cooling (14) and detecting [(15), Chap. 8]. It is also used as a 
slowing beam for the Zeeman slower and in the transition between the first cell and the second cell (Secs. 3.2 
and 3.1, respectively. Not shown in this diagram). The 1112 nm laser [(16), Sec. 7.2] is doubled and used for 

second stage cooling. The 759 nm laser [(17), Sec 7.3] creates the optical lattice and the 1389 nm laser         
[(18), Sec. 7.4] is used as a repumper in the spectroscopy process. 

 

The planned experimental sequence is illustrated in Fig. 3.2. The cycle starts with the operation 

of the blue (399 nm) 2D MOT that is used to load a green (556 nm) 3D MOT at 80-100 ms. The 

green MOT cools the atoms to a K temperature range. The optical lattice laser, operating at 

759 nm, is activated during the entire clock cycle and the ultracold atoms are now trapped in 

the lattice potential. This is the start of the resolved sideband cooling stage. A bias field is 

applied to remove the degeneracy between the I±1/2 Zeeman levels. The clock laser at 578 nm 

is activated for about 10 ms and is red-detuned to excite one of the two Zeeman states and to 
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drive a n=-1 vibrational lattice transition (see Sec. 2.2.2). In this step, we also need the 

repumper (1389 nm) as the clock states have a long lifetime, and for the cooling process we 

need a fast cycle time. In the next step, a circularly-polarized green laser is activated to drive 

the population into a single Zeeman level, in a ‘spin polarization’ process (see Sec. 7.2). At the 

end of this stage, all the atoms occupy the lattice ground state. This is the end of the preparation 

stage, after which spectroscopy may commence. The typical number of trapped atoms ready to 

be interrogated is a few thousands.  

As discussed, the interrogation phase varies depending on the use of either Rabi or Ramsey 

spectroscopy. For the former, a -pulse of typically 100-150 ms is applied, resulting in a Fourier 

limited spectroscopy line of a few Hz. The pulse length can be optimized to match the local 

oscillator coherence time. When Ramsey interrogation is applied, the usual π/2-pulse duration 

is a few ms, separated by a free evolution time of several hundred ms which can result in central 

fringes narrower than 1 Hz.  

 

Figure 3.2: A schematic diagram of the clock sequence. In case of Ramsey spectroscopy, the π/2 
pulses are represented with dashed lines. In Rabi spectroscopy the π pulse lasts 

for the entire spectroscopy time. The total cycle duration is a few hundred ms, depending on the experimental 
requirements. 

 

For the detection phase, we apply the atomic shelving technique: as the detection operates on 

the 1S0 – 1P1 transition, the 399 nm beam interacts only with atoms present in the ground state. 

Three pulses are used, the first pulse measures the atoms that remain in the ground state after 

spectroscopy (Pg). The second one, since the excited atoms are in the metastable excited state 
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3P0, detects the background fluorescence caused by scattered light and hot background gas 

atoms (Pb). To bring the atoms excited during spectroscopy back to the ground state, we utilize 

the short-lived 3D1 level which has a strong decay channel to 1S0. To this end, we apply a pulse 

of 10 mW of resonant 1389 nm light for 4 ms which optically pumps the atoms to the ground 

state with 90% efficiency. Last, a third 399 nm pulse detects these atoms which represent the 

excited fraction (Pe). The fluorescence from the three 399 nm light pulses is recorded to 

evaluate the number of atoms in the ground state |g⟩, the background and the exited state |e⟩ 

respectively (7 ms pulses separated by 6 ms). The fluorescent light is recorded by a 

photomultiplier tube (PMT) and its output is proportional to the atomic population in the 

different states (Pg and Pe). 

The normalized atomic signal  is calculated as 

Ψ ≡
|௘⟩

|௘⟩ା|௚⟩
≈

௉೐ି௉್

௉೐ା௉೒ିଶ௉್
.    (3.1) 

3.2 Vacuum System  
The heart of the clock setup is an ultra-high vacuum (UHV) system designed for the 

introduction, cooling, trapping, and interrogating of the Ytterbium atoms. It consists of two 

main cells separated by a differential pumping tube (DPT) as depicted in Fig. 3.3: 

 

Figure 3.3: General view of the vacuum system. 

The 2D MOT chamber is a 316LN stainless steel cube cell by Kimball Physics Inc, designed 

for the initial stage of cooling by the 399 nm radiation. Inside the cube we fitted two pairs of 

anti-Helmholtz coils. Hence, four internal coils are fitted inside the cube for achieving gradients 

of up to 40 G/cm at moderate currents of up to 10 A.  
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Two natural Yb sources are connected to the cube: the first is an oven + Zeeman slower, and 

the second is a Yb dispenser. In the 2D MOT chamber the hot atoms from the Yb source, 

regardless of whether it is the oven or the dispenser, are first cooled in two dimensions. and 

then directed to the second cell by a push beam63. 

 Alternatively, if we use the oven with the Zeeman slower, it is possible to deflect the atoms 

towards the 3D MOT chamber by using two-sets of moving-molasses to extract a cold beam 

of 171Yb atoms continuously64. 

The 3D MOT (science chamber) is a 316LN stainless steel CF16 octagon cell by Kimball 

Physics Inc. Here we plan to apply a 399 nm stop beam in combination with a green (556 nm) 

laser cooling in a 3D MOT configuration (second stage cooling). This cell has seven AR coated 

CF16 windows (the 8th window is taken by the DPT) to allow 759 nm for the lattice, 1389 nm 

for repumping, 399 nm for detection and slowing and, of course, the 578 nm clock laser. It also 

has two CF40 windows with AR coating in the blue and the green to allow efficient input of 

the green MOT beams and also efficient blue fluorescence collection. Each vacuum chamber 

is pumped by a single pump (NexTorr D-200, SAES GETTER). The two chambers are 

separated by a nipple and a gate valve (VAT, Mini UHV gate valve DN 40). The purpose of 

the gate valve is to allow maintenance to different parts of the vacuum chamber without 

breaking the vacuum on the other side. In the nipple we have inserted a DPT made of 316LN 

stainless steel (Fig. 3.3). This tube is designed to allow the passing of the collimated atomic 

beam from the 2D MOT chamber to the 3D MOT chamber, while preventing background 

gasses to cross between the two sides of the vacuum system, and consequently enabling to 

maintain deep UHV conditions (P10-10
 torr) in the region of the optical lattice. 

 

Figure 3.4: A cross section of the differential pumping tube. 
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3.3 Ytterbium Sources 
3.3.1 The Ytterbium Oven 
The vapor pressure of Ytterbium is extremely low at room temperature (vapor pressure smaller 

than 10-20
 torr at 300 K65). Hence, the sample must be heated to above 400° C to generate 

sufficient atomic flux (vapor pressure of about 10-3
 torr). As noted, in our design, the Ytterbium 

can be introduced into the vacuum chamber from two different sources - an oven or a dispenser. 

The purpose of using two optional sources is to examine the “green” 3D MOT loading 

efficiency with one method compared to the other, in terms of the loading rate, and background 

pressure. This is also a part of an attempt to optimize the setup in terms of power consumption 

and miniaturization.  

The oven in our system is based on a design by Marco Schioppo for strontium66, with some 

modifications that we introduced. The main advantages of this design are the compact 

dimensions, low energy consumption, and a high flux of a collimated atomic beam towards the 

2D MOT region.  

The oven cross section is shown in Fig. 3.5. It is made of a cylinder of molybdenum (diameter 

14.25 mm, length 20 mm) into which ~3 gr of pure natural Yb (Sigma Aldrich ytterbium, chips, 

99.9%) was inserted. The cap of this cell is screwed to allow additional Yb loading if needed 

(modification to the original design). The center of this cap is drilled and filled with about 100 

thin steel capillaries (diameter 4 mm, length 8 mm, by MicroGroup MAT-CUT-HYPO), whose 

role is to collimate the atomic beam to the center of the 2D MOT chamber. This cylindrical 

sample compartment is inserted inside an alumina tube (diameter 14.3 mm, length 34 mm), in 

which a heating tantalum wire is threaded to comprise the oven. The alumina is an electrical 

insulator (specific resistance 1010
 Ωcm at 500◦

 C), but at the same time has a high thermal 

conductivity (11 Wm−1K −1 at 500◦
 C). It is also suitable for use in UHV. The expansion 

coefficient of the alumina is just a fraction larger compared to molybdenum, thus insuring good 

thermal contact up to 500◦
 C without the risk of breakage during heating and cooling. The layer 

around the alumina is a thermal aluminum shield, which functions to stop the radiation from 

being emitted from the oven. 

This entire oven system is held inside a 100 mm long CF40 tube. It is connected to the CF 40 

flange by 3 screws and an intermediate MACOR base to avoid heat loss by contact. The power 

connections to the heater and electrical connections to the temperature sensor are fed through 

the CF40 flange with electrical feedthroughs. 
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Figure 3.5: (a) The oven cross section. (b) A top view of the oven cap filled with 100 capillaries. (c) Pieces of 
natural ytterbium, before placing in the oven. 

 

3.3.2 Zeeman Slower 

A Zeeman slower is designed to slow down an atomic beam in one dimension. We apply a 

resonant 399 nm laser beam opposite the direction of the propagation of the collimated atomic 

beam emitted through the capillaries in the oven cap. This 399 nm beam slow the atoms by 

creating a maximal deceleration of 𝑎௠௔௫ = ℏ𝑘
୻

ଶ௠
 due to the absorption rate of photons, each 

having a momentum ℏ𝑘 (see Eq. 2.1). The problem in this simplistic description is that the 

detuning from the resonance changes as a function of the position, because the Doppler shift is 

reduced as the atoms are slowed during their propagation. The solution to overcome this 

problem is to continuously compensate for the Doppler shift with a spatial dependent Zeeman 

shift. This is the purpose of the ‘Zeeman slower’ tube.  
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The magnetic field along the atomic beam propagation direction (z-axis), varies to compensate 

for the position dependent Doppler effect according to Eq. 3.264: 

                 𝜔଴ + (𝑔ிᇲ𝑚ிᇲ − 𝑔ி𝑚ி)
ఓಳ஻(௭)

ℏ
= 𝜔௅ +

ଶగ୴(௭)

ఒబ
,   (3.2) 

where 𝜔଴ =
ଶగ

ఒబ
 is the resonance frequency in the rest frame, 𝑔ிᇲ  and 𝑔ி are the Landé g-factor 

of the excited and ground states, respectively, 𝑚ிᇲ  and 𝑚ி are the z-components of the total 

angular momentum of the two levels, 𝜇஻ = 1.4 ∙ 10଺
 Hz/G is the Bohr magneton, B(z) is the 

magnetic field along the z-axis in Gauss, 𝜔௅ is the laser frequency and v(z) is the velocity of 

the atoms in the beam. 

Accordingly, the magnetic field as a function of the position should be64,67 

𝐵(𝑧) =
ଵ

൫௚ಷᇲ௠ಷᇲି௚ಷ௠ಷ൯

ℏ

ఓಳ
ቂΔ +

ଶగ୴(௭)

ఒబ
ቃ,   (3.3) 

where ∆= 𝜔௅ − 𝜔଴ is the laser detuning from resonance. 

Taking the acceleration to be constant, the velocity at any point z will be64 

v(𝑧) = ඥv௜
ଶ − 2𝑎𝑧,     (3.4) 

where v𝑖 is the initial velocity of the atoms. If we wish the atoms to be brought to a halt after a 

distance 𝐿଴ ,then 𝑎 =
୴೔

మ

ଶ௅బ
. Using this relation, Eq. 3.3 becomes 

    𝐵(𝑧) =
ଵ

൫௚ಷᇲ௠ಷᇲି௚ಷ௠ಷ൯

ℏ

ఓಳ
൤Δ +

ଶగ୴೔

ఒబ
ට1 −

௭

௅బ
൨.   (3.5) 

In practice, the atomic beam is slowed to a small finite velocity as the Zeeman slower is 

truncated to a length L < L0. The spatial dependent magnetic field profile for a final velocity vf 

corresponding to this shorter length L is given by64 

𝐵(𝑧) = 𝐵ଵ + 𝐵ଶට1 −
௭

௅
 ,     (3.6) 

where the constants B1 and B2 are determined by the boundary conditions 

𝐵(𝑧 = 0) = 𝐵ଵ + 𝐵ଶ =
ℏ

൫௚ಷᇲ௠ಷᇲି௚ಷ௠ಷ൯ఓಳ
ቂΔ +

ଶగ୴೔

ఒబ
ቃ,   (3.7) 
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𝐵(𝑧 = 𝐿) = 𝐵ଵ =
ℏ

൫௚ಷᇲ௠ಷᇲି௚ಷ௠ಷ൯ఓಳ
ቂΔ +

ଶగ୴೑

ఒబ
ቃ. 

The resulting expression for the magnetic field profile is 

𝐵(𝑧) =
ℏ

ቀ𝑔
𝐹′𝑚𝐹′−𝑔𝐹𝑚𝐹ቁఓಳ

ቂΔ +
ଶగ୴೑

ఒబ
ቃ +

ℏ

ቀ𝑔
𝐹′𝑚𝐹′−𝑔𝐹𝑚𝐹ቁఓಳ

ቂΔ +
ଶగ(୴೔ି୴೑)

ఒబ
ቃ ට1 −

௭

௅
. (3.8) 

Even after the meticulous analysis just presented, there are evidently quite a few free variables 

that we can choose, such as the final velocity, the length of the slower and the detuning from 

resonance. In our system, we chose parameters to optimize a compact and low power slower. 

In the atomic beam that is emitted from the oven (unlike atomic gas with 3D symmetry), the 

velocities follow the Maxwell distribution probability in 1D according to68 

     𝑝(v) = 2 ቀ
௠

ଶ௞ಳ்
ቁ

ଶ

vଷ𝑒ି௠୴మ ଶ௞ಳ்⁄ ,      (3.9) 

where m=2.86·10-25
 kg is the 171Yb atomic mass, 𝑘஻ = 1.38·10-23

 JK-1 is the Boltzmann constant 

and T is the oven temperature (about 450⁰ C in our case). The most probable velocity in the 

atomic beam is66,68 

              vത = ට
ଷ௞ಳ்

௠
≈ 330

௠

௦
.     (3.10) 

The atoms are fast and heavy and therefore the fraction that can be trapped without a slower is 

very small. The atomic beam needs to be slowed down to a value within the capture range of 

the trap, a few tens of m/s. The values that we used in the optimization are: 350 m/s for the 

initial velocity and 30 m/s for the final. In addition, we wanted to reduce the length of the slower 

as much as possible, without applying very high external magnetic fields that will complicate 

the coil design and require water cooling of the coils. Note that the length of the slower cannot 

be too short, also because it must match an acceleration that does not exceed the maximum 

possible acceleration 𝒂௠௔௫ = ℏ𝒌
୻

ଶ௠
≈ 5 ∙ 10ହ 𝑚 𝑠ଶ⁄  (see Eq. 2.1). In our design, 𝒂 =

ට(v௙
ଶ − v௜

ଶ) 2𝐿⁄ = ඥ(350ଶ − 30ଶ) 2 ∙ 0.18⁄ = 3.38 ∙ 10ହ 𝑚 𝑠ଶ⁄ ≈ 0.63𝒂௠௔௫. For practical 

reasons, like the requirement for high laser power as well as of high magnetic gradient, we do 

not work at the maximal acceleration. In the simulation we conducted, we set the slower length 

to L=18 cm, and the detuning to a value of =-400 MHz (red-detuned). In our case, 
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0=398.911 nm and67 (𝑔ிᇲ𝑚ிᇲ − 𝑔ி𝑚ி) ≈ 1. Furthermore, in order to minimize the 

penetration of an intense magnetic field into the 2D MOT region, we added a ‘field-flip Zeeman 

coil’. Around this coil the magnetic field gradually turns from positive to negative. This 

configuration is beneficial for two reasons: a) It allows to achieve a higher magnetic gradient 

at lower currents, and b) the magnetic field gradient drops faster towards the direction of the 

2D MOT region. The magnetic profile in our optimal configuration is shown in Fig. 3.6. The 

values of the magnetic fields in Eq. 3.6 are: B1= -232 G and B2= 573 G (or B(z=0)=341 G and 

B(z=L)=-232 G). 

 

 

Figure 3.6: (a) A graph of the optimal magnetic-field profile in the middle of the slower tube (black line), and of 

the simulated field according to the practical design of the wires. The difference between the two curves is 

plotted below. (b) The oven and slower as connected to the experimental setup. On the slower one can see the 

positive field coil (bottom of the tube) and the negative field-flip coil (one large coil at the top). (c) We used a 

(LakeShore 460 3-channel) Gaussmeter to measure the z-component of the magnetic field in the center of the 

slower tube. 

(a) 

(b) 

(c) 
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We based the construction of the Zeeman slower on a CF16 tube with outer diameter of 20 mm. 

The coil is made of an insulated copper wire with a rectangular cross-section of 4 mm·1.25 mm, 

where in the ‘positive’ coil the current is 21 A. The total length of the wire in this coil is about 

12 m. In the ‘negative’ coil we run 35 A and the total wire length is 2.9 m. The total electrical 

power consumption is 30 Watt, so the slower generates significant heat. To evacuate this heat, 

we designed custom radiators, which are cooled by air flow from a fan.  

 

3.3.3 Dispenser 

Based on previous investigations69 we fitted a dispenser as an alternative Ytterbium source. 

The dispenser (Alfa-Vakuo Yb 7f) dimensions are 90 mm long, and 7 mm in diameter. It is 

filled with 5 gr of natural Yb. The dispenser is heated by electric current to ~ 4500
 C. In order 

to further collimate the atomic beam to the center of the cell, we designed a 10 mm long, cone 

shaped cap, and drilled it (1 mm driller) at an angle towards the center of the 2D MOT. The 

dispenser is connected to a CF16 electrical feedthrough and is inserted into a CF16 nipple. To 

avoid shorts, we designed two homemade MACOR discs that are used as spacers. 

 

  

Figure 3.7: (a) The dispenser is ready for connection to the vacuum system. (b) dispenser cross section diagram. 

In (a) one of the macor spacers is not visibile as it was not placed yet. 

3.4 2D MOT 
The fact that the two Ytterbium sources are loading an intermediate 2D MOT stage (or moving 

molasses deflecting beams) is important for two reasons. First, in this way we avoid a “hot 

spot” which is directly viewed from the direction of the atoms in the lattice and will contribute 

to high BBR uncertainty. Second, in this way the background pressure in the 3D MOT chamber 

is lower, thus prolonging the lattice lifetime and avoiding harmful collisions with the 

background. 

(a) 

(b) 
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The 2D MOT is the first cooling stage in our system. As noted, it takes place in the custom 

Kimball Physics cube chamber. This is a 316LN stainless steel 3.68’’ part, with an internal 

spherical space of 3.30” in diameter. It has six 2.75" CF ports in the facets, and eight 1.33" CF 

ports in the corners. To generate a ~40 G/cm magnetic field gradient for the MOT without 

requiring water cooling, a very compact assembly must be designed. For this reason, we 

decided to insert the coils into the cell. The two pairs of coil frames (outer diameter 27 mm) 

were fitted to specially designed threads under the 2.75" CF ports. Care was given to maximize 

the contact area as much as possible for optimized heat transfer from the coils to the chamber. 

The coils are made from Kapton insulated Cu wire, D=1.02 mm. In one pair we counted 35 

windings while the other had 36. 

The axial separation between the centers of each coil pair is 49 mm, and the z-component of 

the magnetic field (parallel to each pair’s axis) that is created in the center of the chamber (for 

a current of 1 A) is shown in Fig. 3.8. In addition to the inner coils, six external coils were also 

attached, allowing for fine control of the field gradients at the center of the cell if needed. 

 

 

Figure 3.8: (a) A 3D view of the cube chamber. The copper coil frames are connected to threads close to four 

viewports in the same plane (the wires themselves are not shown). (b) Cross section and dimensions of the coils’ 

frames. (c) The intensity of the magnetic field component parallel to the coil axis at different distances from the 

center of the cell (for a current of 1 A), created by the X-axis coils (blue crosses) and by the Y-axis coils (green 

crosses).  
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Laser light at 399 nm is introduced through four Lesker 2.75" CF viewports (VPZL−SPLXXX 

– DUV, fused silica laser grade, non−magnetic, AR coating on both sides @ 350−600nm) and 

the internal coils to complete the 2D MOT scheme. A polarization maintaining optical fiber 

splitter from OZ OPTICS (FOBS-12P-111-3.5/125-PPP-556-50/50-40-

A3AHPCA3AHPCA3AHPC-3-1-HPO.5) delivers the laser light to two collimators that are 

connected to two CF40 viewports on the two axes of the 2D MOT. These two beams acquire a 

circular polarization after passing through a /4 waveplate and are retro reflected from the other 

side of the chamber following a double pass through a second /4 waveplate to complete the 

necessary 2D MOT configuration.  

One of the additional two 2.75"CF ports in this cube is used to enter a “push” beam, the other 

(opposite) 2.75"CF port is used to connect the cube to the rest of the vacuum system via a DPT. 

Two of the remaining eight 1.33" CF ports are used for the ytterbium sources. One 1.33" CF 

opposite to the oven is closed by a viewport to enter the Zeeman slowing beam. This viewport 

is also heated to 400⁰ C to keep ytterbium from sticking to it. 

Two more 1.33" CF ports are used for electrical feedthroughs to connect the internal 2D MOT 

coils. We connected two viewports for monitoring the 2D MOT build-up and the last of the 

eight ports is simply closed with a blank flange.  

It is important to note that all of the abovementioned viewports are not directly attached to the 

cube. Instead, they are connected to it via a nipple which is connected to the cube. In this way, 

we avoid any direct line of sight between the ytterbium sources and the windows as shown in 

Fig. 3.9. 

 

Figure 3.9: Distancing of the windows from ytterbium atoms by CF40 nipples. One can see on the right the 

NexTorr ion pump (red cube), as described in Fig. 3.3. 



36 
 

3.5 3D MOT 
The second stage cooling in our design takes place in the Kimball Physics octagon 3D MOT 

chamber. It is a 68.4 mm height 316LN stainless steel octagon with a circular internal volume 

of 152 cc. It includes eight CF16 ports (in one plane), and two CF40 ports (in the other 

dimension). This is a very narrow (50 mm) chamber, so it is possible to design external 

quadrupole coils that do not require water cooling and can generate the desired magnetic 

gradient required for the 3D MOT. This is realized by two parallel anti-Helmholtz coils (inner 

diameter 80 mm) that are connected to the CF40 ports of the octagon. The separation between 

the coils’ centers is 50 mm, and each one of the coils comprises 20 windings. 

All CF40 and CF16 openings (except for the one connected to the DPT) are closed by Kurt-

Lesker CF quartz non-magnetic viewports. The two CF40 and four out of the eight CF16 

viewports are used for the 556 nm 3D MOT (VPZL−SPLXXX − DUV laser grade, fused silica, 

non−magnetic, AR coating on both sides @ 350−600 nm). The two vertical view ports are used 

to insert the 759 nm lattice laser, the 578 nm clock laser and the 1389 nm repumper laser 

(VPZL−SPLXXX − DUV laser grade, fused silica, non−magnetic, AR coat on both sides @ 

550−850nm). The 399 nm slowing beam enters through the viewport, in opposite direction to 

the 2D MOT push beam (same window as the 3D MOT viewports).  A nipple is connected to 

one of the horizontal CF40 windows, to which the second NexTorr ion pump is connected, as 

shown in Fig. 3.3. The optical array for inserting all of these laser beams into the octagon cell 

is complex and requires optimal design. A detailed description of it can be found in Chap. 8. 
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4. Laser Locking by the Pound-Drever-Hall Technique 
 

The atomic clock involves five different laser systems. Each laser is used for performing a 

different atomic manipulation and operates on a different transition. However, we use the same 

frequency stabilization method to “lock” their frequencies and stabilize them for long periods 

and to overcome various environmental disturbances. For this purpose, we use as a reference a 

resonance of an isolated, high finesse and high frequency stability cavity. 

The resonances of the cavity can be detected by monitoring the transmission or reflection of 

the input beam from the cavity with a photodetector (PD). However, this signal is always 

positive and is not ideal to be used as an “error” signal in a servo system. In contrast, the phase 

of the complex reflection coefficient does change sign around these resonances and is therefore 

suitable for this purpose. The Pound-Drever-Hall (PDH) technique allows extracting such a 

phase dependent signal. The PDH setup is presented in Fig. 4.1. 

 

Figure 4.1: General description of the PDH setup: light from the laser is passed via an electro-optical-modulator 

(EOM) into a FP resonator. The reflected light from the resonator is detected on a PD. The signal from the PD is 

mixed with the modulation signal and then passed through a low-pass filter. The resulting error signal serves as 

an input to a PID servo regulator which keeps the laser frequency locked on the FP resonance.  

The signal from the PD is proportional to the reflected power hitting it: 𝑃 ∝ |𝐹(𝜔)|ଶ, where 

the reflection coefficient is the ratio between the electric fields of the reflected and the incident 

fields: 𝐹(𝜔) = 𝑬௥௘௙/𝑬௜௡௖. The intensity of the reflected signal is symmetric and never changes 

sign as a function of the laser detuning from the cavity resonance, 𝛿𝜈௅. It is worth noting that 

the reflected signal has contributions from light that never entered the cavity and is reflected 

from the first mirror, and from leakage of light that was inside the cavity and leaked back 
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through the first mirror. On resonance, the phase difference between these two fields is exactly 

 and the total reflected beam vanishes70 (i.e. all the incident light is transmitted into the cavity). 

The PD signal does not allow to determine to which “side” of the cavity resonance the laser is 

tuned. Therefore, attempting to use this signal as an input to a servo system is possible only on 

the side of the resonance fringe but not on the peak of the fringe.   

In contrast to the reflected power from the cavity, both the derivative of the reflected power 

with respect to 𝛿𝜈௅ and the phase of 𝐹(𝜔) (arctan [Im(F)/Re(F)]) can be used as an error input 

signal to a servo system. The PDH method 71,72 allows extracting this phase from the reflected 

signal.  

An EOM modulation generates sidebands at frequencies 𝜔௅ ± Ω, where 𝜔௅ is the carrier 

frequency and Ω is the modulation frequency. The total field reflected off the cavity is the 

vector sum of the reflected carrier and the two sidebands. The power measured on the PD is 

thus72 

       𝑃௥௘௙(𝜔௅) = |𝐹(𝜔௅)𝑬௖௔௥௥௜௘௥ + [𝐹(𝜔௅ + Ω) + 𝐹(𝜔௅ − Ω)]𝑬௦௜ௗ௘௕௔௡ௗ|ଶ =    (4.1) 

= |𝐹(𝜔௅)𝑬௖௔௥௥௜௘௥|ଶ + |𝑬௦௜ௗ௘௕௔௡ௗ|ଶ(|𝐹(𝜔௅ + Ω)|ଶ + |𝐹(𝜔௅ − Ω)|ଶ) 

+2𝑬௖௔௥௥௜௘௥𝑬௦௜ௗ௘௕௔௡ௗ{Re[𝜒(𝜔௅)] cos(Ω𝑡) + Im[𝜒(𝜔௅)] sin(Ω𝑡)} + 𝒪(2Ω), 

with 𝜒(𝜔௅) = 𝐹(𝜔௅)𝐹∗(𝜔௅ + Ω) − 𝐹∗(𝜔௅)𝐹(𝜔௅ − Ω). 

We are interested in the two terms oscillating at the modulation frequency and resulting from 

interference of the sidebands with the carrier, because they sample the phase of the reflected 

carrier. 

The PD signal is demodulated by mixing it with a phase-delayed version of the original 

modulation voltage in a mixer, then passing it via low pass filter to leave only the 𝜒(𝜔௅) term, 

which is an antisymmetric function of 𝛿𝜈௅, perfectly suitable to be used as a correction signal 

in a servo loop. 
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Figure 4.2: (a) A plot of the reflected light as a function of the detuning from resonance. (b) A plot of the 

expected error signal obtained by the PDH technique. (c) A PDH error signal realized in our setup. One can see 

the error signals from the carrier and the two sidebands. 

It may now be understood how the PDH method can be used to reduce the line width of a free-

running laser to a sub-Hz range73 although the laser is locked to a cavity that has a linewidth 

(1/𝜏௖) which is on the order of several thousands or hundreds of Hz. The free running laser 

linewidth is limited by phase noise74,75 which is caused by spontaneous emission of photons 

into the laser beam. This process causes instantaneous phase and frequency fluctuations that 

are present on the carrier and the two sidebands.  

The leakage beam acts as a stable reference, averaging both the frequency and the phase of the 

laser over the storage time of the cavity. Any frequency jumps caused by phase noise in the 

laser will be detected if the instantaneous phase deviates from that of the stable leakage field 

which is averaged over the storage time of the cavity. The PDH method translates these 

instantaneous phase changes to voltage which is input to a fast servo system72. Thus, what is 

actually limiting the laser linewidth, is the servo response time and not necessarily the cavity 

resonance linewidth. 

(a) (b) 

(c) 
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5. Multi-Color Cavity for Laser Locking 
 

Apart from the clock laser, which requires exceptionally high stability and is locked to a 30 cm 

long cavity with mirror coatings designed for 1156 nm (see Chap. 6), the other four lasers are 

locked to a 5 cm long Stable Laser Systems FP cavity. It is a hemispherical resonator 

(ROC1=0.50 m, ROC2~∞), which is kept under UHV conditions (P<2∙10-8
 torr) and at the zero-

crossing temperature of TCE (T=40.00◦
 C). In contrast to the extremely high finesse cavity, 

which is designed to narrow the linewidth of the clock laser, here the mirrors’ coatings are 

designed to cover several spectral regions and the reflectivity is also lower. One range of the 

HR coatings on the mirrors is specifically designed for locking the laser at 798 nm, which is 

used after second harmonic generation (SHG) for first stage cooling. The mirror coating also 

covers the operation wavelength of the lattice laser at 759 nm. An additional HR coating is also 

applied on the mirrors to cover the 1112 nm range of the laser which is used for second stage 

cooling after SHG in a PPLN waveguide. This coating is also designed for high reflectivity at 

1139 nm, at which the repumper laser operates. Table 5.1 and Fig. 5.1 show the cavity 

parameters for the four different laser wavelengths. The mirror coatings also include AR 

coatings on the external side of the mirrors. 

We follow the locking scheme described by Milani et al.76. A fraction of the light from each 

laser (~1 mW) is sent via fiber coupled EOM to the cavity (iXblue Litium Niobate EOM). The 

EOM is designed to generate sidebands at frequencies <3 GHz [this is the free spectral range 

(FSR) of the cavity]. These sidebands help to bridge between the resonances of the cavity and 

the desired frequency of operation. A second RF modulation is also applied on the EOM for 

the generation of the error signal as in a standard PDH setup. To conclude, the carrier frequency 

is tuned to the desired transition, and this frequency is not necessary resonant with the cavity 

modes, therefore a microwave modulation frequency is tuned to generate sidebands, such that 

one of them coincides with the nearest resonance of the cavity. The sideband is kept locked to 

the cavity fringe by standard PDH following RF modulation. If this sideband is locked to the 

cavity, the carrier is also locked. 
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(nm) Q factor Calc. Finesse FSR (GHz) Reflection (%) Transmission (%) 

759 4.14∙109 3.14∙104 3 99.99 0.01 

798 1.71∙109 1.37∙104 3 99.977 0.023 

1112 3.53∙109 3.93∙104 3 99.992 0.008 

1388 1.19∙109 1.65∙104 3 99.981 0.019 
 

Table 5.1: Cavity parameters for the four different laser wavelengths (as measured by the manufacturer). 

 

 
 

Figure 5.1: FP resonator high-reflective (HR) coating data (a) and anti-reflective (AR) coating data (b) for all 4 
wavelengths (manufacturer data). The AR is on the external sides of the mirrors while the HR is deposited on 

the internal sides. 

 

The PDH optical arrangement for locking the four lasers on the 5 cm multi-color cavity is 

shown in Fig. 5.2. This is a compact array placed on a 45 cm×30 cm Thorlabs optical 

breadboard. We take advantage of the fact that the lattice and first stage cooling (before 

doubling) lasers operate at close wavelengths (798 nm and 759 nm), and that the repumper and 

second stage cooling (before doubling) lasers also operate in the same spectral region (1389 

nm and 1112 nm), in order to overlap these two laser pairs into two separate optical lines 

towards the cavity. The reflections from the cavity are detected by fast amplified PDs.  

(a) (b) 
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Figure 5.2: The optical layout of the laser locking scheme. All the elements are positioned on a 30 cm×45 cm 
aluminium breadboard. In this compact PDH array, four laser beams are aligned into a stable 5 cm long FP cavity 
in two separated lines: one line combines the red (759 nm and 798 nm) beams, and the second line combines the 
IR (1112 nm and 1389 nm) beams. Linearly polarized light from the polarization maintaining fibers is collimated 
and propagated via polarizing beam splitters (PBS) and /4 waveplates (QWP) into the cavity. The retroreflected 

light passes via the /4 waveplates again and is reflected from the PBS toward a fast PD.  

 

For the fast PDs, we use EOT model ET-2030 (for the red line) and EOT model ET-3000 (for 

the IR line). Each laser is modulated at a different RF frequency, and then is demodulated 

separately. For this purpose, we use two Toptica PDD 110 units, and also two home-made 

circuits. A Labview based PID system was designed for automatic locking. It receives the error 

signal from each laser and applies a correction for keeping its frequency unchanged.  
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6. The Clock Reference Cavity 
 

6.1 Ultra-Stable 30 cm Long Cavity 
The reference cavity for stabilizing the clock laser in our system is made by Stable Laser 

Systems. It is a hemispherical FP resonator, with radiuses of curvature and length of ROC1=1 

m, ROC2~ ∞, L=0.3 m, which is made from ULE and is kept under UHV conditions (P<5∙10-9
 

torr). It is maintained at the zero-crossing temperature of TCE (T=32.7◦
 C) by a Stanford 

Research Systems (SRS) PTC10 temperature controller. The mirrors’ coatings were produced 

by FiveNine Optics. The mirrors’ sides facing the outside of the resonator, are coated with an 

AR dielectric optical coating and the sides facing the inside of the resonator are coated with a 

HR coating. The measured transmission and the reflectivity (at an angle of incidence of 8°) 

spectra of the coatings are presented in Fig. 6.1. The estimated finesse can be evaluated by 

using the transmission value at 1156 nm (T ≈ 5 ∙ 10ିସ%) and the relation: F௖ =
∆జಷೄೃ

∆జ೎
=

ଶగ

ି୪୬(ோభோమ)
. Here, ∆𝜐ிௌோ is the FSR of the cavity and ∆𝜐௖ is the Lorentzian linewidth of the 

resonances. The reflectivity of both mirrors is the same: 𝑅ଵ = 𝑅ଶ = 1 − 𝑇 = 0.999995. Under 

the assumption of no losses, the calculated finesse of this cavity at 1156 nm is thus Fc=628,000. 

We plan to characterize the optical cavity by direct measurements in the near future.  

 

 

Figure 6.1: (a) HR coating data and (b) AR coating data around 1156 nm (manufacturer data). 
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The resonator  is placed on top of four small plastic supports that rest on a Zerodur base mount. 

These supports are placed on the Airy points of the cavity. In this way vertical accelerations do 

not result in length variation of the optical axis of the cavity. This mount is installed inside a 

Stable Laser System P370 vacuum housing.  

 
Figure 6.2: The 30 cm long ULE cavity on top of the Zerodur base mount is inserted into the vacuum chamber. 

The vacuume chamber contains three shielding layers for high temperature stabilization and acoustic noise 

isolation. Estimated finesse >600,000. 

 

The total weight of this vacuum chamber is 210 kg. The three shielding layers inside the 

vacuum housing achieve a temperature stability of < 1 mK for low frequency temperature drift 

in the 5-50° C range.  

The vacuum chamber is positioned on a stainless steel breadboard inside a custom acoustic 

enclosure made by Herzan LTD. The specifications promise >30 dB sound reduction over the 

acoustic spectrum (we also added an additional isolation layer by the manufacurer and heavy 

isolation material that is designed for the car industry). We cut an aluminium breadboard and 

installed it around the vacuum chamber at a convenient height, so that all of the optical 

components are at the same height as the optical axis of the cavity. In Fig. 6.3 we show the 

systems that are assembeled on the breadboard.  
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Figure 6.3 The optical systems inside the acoustic enclosure, including: retroreflection into the fiber for phase 

noise cancelation; a telescope and a focusing lens for mode matching the input beam into the cavity; and the 

parts for the PDH arrangement. 

 

The optical arrangement must include all the elements for the PDH scheme. We use a free-

space EOM (Photonics Technologies, EOM-01-20-IR, AR coated for 1000-1500 nm) for 

modulation and an IR-sensitive PD (Thorlabs DET-10N2) for detection. The retroreflected 

signal is directed to the photodiode by reflection from a Glen laser polarizer (GL10-C26). In 

addition, the optical setup is designed for mode matching the input beam on the fundamental 

TM00 Gaussian mode of the cavity. For proper mode matching we must first calculate the shape 

of the mode inside the cavity and then propagate it outside. We then overlap the input beam on 

this outward propagating mode. This overlap is typically performed by use of a telescope which 

is used to generate a collimated beam with a suitable diameter followed by a focusing lens.  

The mode matching simulation is based on the Gaussian beam paraxial approximation method. 

We are considering here an empty hemispherical cavity, constituting a planar mirror and a 

spherical concave mirror. The notion of cavity stability relies on geometrical optics. Namely, 

a cavity is said to be stable if any optical ray remains confined forever in the resonator as it 

bounces back and forth between the mirrors. In a hemispherical cavity as the one we have, this 

leads to the stability condition77: 0 < 𝐿 < 𝑅௖  where L is the length of the cavity and 𝑅௖ is the 

radius of curvature (ROC) of the curved mirror. In the frame of the paraxial approximation, we 

look for a complex beam parameter of a Gaussian eigenmode 𝑞෤ = 𝑧 + 𝑖𝑧ோ that has a waist on 

the flat mirror. This can be calculated by applying the ABCD matrix method. We can propagate 

this mode one round trip in the cavity so it will repeat itself without changing, this is shown in 

Eq. 6.1-6.3 as follows77: 
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       𝑞෤′ =
(ோ೎ିଶ௅)௤෤ାଶ௅(ோ೎ି௅)

ିଶ௤෤ାோ೎ିଶ௅
,     (6.1) 

where 𝑞෤ and 𝑞෤′ are the initial and  the round-trip complex beam parameters respectively. If we 

require 𝑞෤′ = 𝑞෤ we get 

𝑞෤ଶ = −𝐿(𝑅௖ − 𝐿),     (6.2) 

so 𝑞෤ is purely imaginary, and hence 

𝑧ோ = ඥ𝐿(𝑅௖ − 𝐿).     (6.3) 

This means that for achieving a stable cavity, the beam mode must have a spescific Rayleigh-

range, a specific waist, and hence a specific angle of divergence. For the parameters of our 

cavity (L=0.3 m, Rc=1 m, =1156 nm) we get a beam waist (radius) of 0.41 mm on the planar 

mirror and beam radius of 0.49 mm on the curved mirror. The half angle of divergence is 0.8975 

mRadian. In Fig. 6.4 we show a simulation for mode matching by propagation of the TEM00 

mode out of the cavity using the “GaussianBeam” application. 

 

 
Figure 6.4: (a) Gaussian beam propagation simulation. The fundamental Gaussian mode of the resonator has its 

waist on the flat mirror, 𝜌଴=0.41 mm, and a radius of 0.49 mm on the curved mirror. This mode propagates from the 

flat mirror towards a 750 mm focusing lens and is collimated to a ~1.4 mm diameter beam. We have to input a 

similar beam in order to achieve good mode-matching. (b) An example of measuring the width of a beam, as we did 

in our system. This graph describes the measurement of the vertical component of a beam width, by measuring the 

intensity of light absorbed by a powermeter partially covered by a knife blade at different positions (blue dots) and 

fitting the resulting curve to the expected complementary error function (erfc) curve (grey dots). 
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We introduce the 1156 nm beam into the acoustic enclosure by an optical fiber (Schafter and 

Kirchoff, PMC-980-6.4-NA012-3-APC-600-P). The light from the fiber is collimated using a 

fiber coupler, as presented in Fig. 6.3 (Schafter and Kirchoff, 60FC-4-M18-08). The radius of 

the beam measured just outside the coupler is about 2 mm, and the beam is almost perfectly 

collimated over a distance of  ~5 m. The mode-matching optical system includes a 3:1 telescope 

that reduces the beam radius to ~0.7 mm and a focusing lens (f=750 mm, placed 750 mm from 

the cavity planar mirror) to give the beam the correct angle of divergence and waist. 

6.2 Vibration Isolation 
The role of the 30 cm long cavity is to maintain the short-term stability of the clock laser, but 

for that it must be very stable itself. Any geometric changes in the resonator, whether thermal, 

acoustic, or mechanical (seismic vibrations) cause the cavity resonance frequency to change, 

and thus increases the spectral linewidth of the laser and harm the Q of the clock. To prevent 

this, acoustic noise from the air is damped by over 30 dB in the acoustic enclosure. Furthermore, 

the resonator is thermally isolated from the environment by holding it in a UHV (P<5∙10-9
 torr) 

chamber, with three layers of thermal isolation surrounding it. The general structure of the 

isolation may be seen in Fig. 6.5.  

 

Figure 6.5: The optical cavity inside the isolation systems. We tested two vibration isolation stages inside the 

acoustic enclosure. The first is an active stage (Herzan ST-300) and the second is passive (MINUS-K, 850-1). 

We eventually found that the passive MINUS-K 850-1 performs a little better. 
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In order to prevent vibrations, the cavity is placed on two vibration isolation stages - one 

passive (MINUS-K 850-1) and one active (Herzan AVI 400M, max. weight 900 kg). The total 

weight of the cavity and the other elements that are placed on the passive stage is almost 300 

kg and the total weight on the active stage is almost 900 kg.  

To test the vibration suppression using these stages, we made several measurements with a 

dummy load of about 300 kg and measured the vibration spectrum using a sensor (Wilcoxon 

Research 731A Seismic Accelerometer). The preparations for any such measurement were not 

simple, not only because of the need to lift such a heavy load, but also because of the need to 

place it exactly on the center of the stage’s spring system. In Fig. 6.6, one can see the 

effectiveness of the two stages in reducing the external vibrational noise. The reduction shown 

here is similar to the results obtained on similar clock systems78. 

 

Figure 6.6: Acoustic and mechanical noise spectrum as measured on the lab floor (blue) and on the active stage 

(orange). At most frequencies, the noise was reduced to the shot-noise of the vibration probe. 
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7. Lasers 
 

7.1 399 nm Laser System for First Stage Laser Cooling and Detection 
In the clock sequence, we use blue laser light (399 nm) to perform several tasks  (see Figs. 

1.3 and 3.1). It is tuned to the strong 1S0→1P1 transition and is suitable for slowing down the 

atomic beam in the Zeeman slower, for fast cooling in the 2D MOT, or optionally for deflection 

by a moving molasses of the atomic beam towards the science (3D MOT) chamber. We also 

plan to apply a blue slowing beam in the science chamber in an opposite direction to the atomic 

beam coming from the direction of the 2D MOT chamber. In addition to cooling, we also utilize 

this strong transition to scatter many photons in the detection stage of the clock cycle. This is 

necessary for counting the number of atoms that are in the ground state. 

It is estimated that we will need a power of several hundred milli-Watts in total for all the above 

operations.  Such strong diodes are not available at 399 nm in the market, so the other option is 

to double 798 nm laser light in a nonlinear crystal. The efficiency of single pass second 

harmonic generation (SHG) in bulk is not so high. Therefore, it is often performed in a 

resonator. 

The source for the 798 nm beam is a tapered amplified external cavity diode laser by Toptica 

Photonics (DLC-Pro). This laser outputs ~1800 mW in a single mode fiber.  

Toptica also produces a SHG in a bow-tie cavity resonator configuration (model DLC TA-

SHG Pro), but as the price was too high, we decided to build this setup in-house, based on a 

publication from INRIM79, which we modified and is presented in Fig. 7.1. 

The frequency-doubling process is done using a Raicol lithium triborate (LBO) crystal placed 

in the middle between two concave mirrors and mounted on a OptoSigma mirror holder 

(BSHL-12.7-TF/15-TF) for fine adjustment. The LBO crystal is hydroscopic, and must be 

protected from moisture, and therefore the bow-tie cavity is completely sealed and is filled with 

dry nitrogen gas. In addition, a regulated heater keeps the crystal hot in comparison to the 

environment.  
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Figure 7.1: Bow-tie cavity design for SHG (total length = 547.5 mm, FSR798 nm = 548 MHz). This cavity contains 

two planar mirrors placed L1=151.4 mm apart, and two concave mirrors (ROC3=ROC4=100 mm) separated by 

L2=116.9 mm with the LBO crystal in the middle between them. The diagonal length is 139.6 mm. The M2 planar 

mirror is mounted on a PZT, for cavity stabilization by controlling the cavity length. The stabilization process is 

by means of a feedback signal on the piezo, according to the Hänsch-Couillaud technique. 

 

The bow-tie cavity includes four mirrors, by OptoSigma: the entering mirror, M1, is a planar 

mirror with a dielectric beam-splitter coating at 798 nm and a dielectric AR coating on its rear 

surface. For this mirror, T (transmission coefficient) is 1.2% and R (reflection coefficient) is 

98.8%, so a fraction of the light can enter the cavity; A second planar mirror, M2, which is 

placed on a PZT mount, has a dielectric coating at 798 nm with R˃99.9%; The first concave 

mirror, M3, has a dielectric coating at 798 nm on its curved side (ROC=100 mm, and R˃99.9%); 

The output concave mirror, M4 (ROC=100 mm), has a dichroic coating on its concave surface   

(R798 nm˃ 99.9%, T399 nm˃ 95%) and a dielectric AR coating on its rear surface. All four mirrors 

are intended for CW laser light at the range of 1-3 W and are mounted by OptoSigma mirror 

holders (BSHL-12.7-TF/15-TF). 

The cavity length is stabilized by applying a correction signal on the PZT which holds the M2 

mirror. This signal is produced according to the Hänsch-Couillaud cavity locking method80, 

which allows to generate an error signal by measuring the polarization rotation of the light 

reflected from the cavity using a polarimeter (see Fig. 7.2). 
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To optimize the bow-tie cavity gain, it is important to place the beam center in the middle of 

the crystal, and to match its waist to the LBO parameters according to the Boyd-Kleinman 

factor81. In our case [crystal length is 15 mm, the ordinary index of refraction at 798 nm (equal 

to the extraordinary index of refraction at 399 nm) is 1.611], the calculated optimal waist radius 

is 36 m.  

In practice, we applied the paraxial beam approximation (see Chap. 6) and propagated the beam 

on a round-trip in the cavity using the ABCD matrix method79. With the given cavity 

dimentions and curvature radius of the mirrors, we calculated the beam waist radius at the 

position of the crystal to be 𝜌଴m. The slight deviation of the beam waist from the optimum 

is not crucial, since the SHG efficiency does not strongly depend on this parameter around the 

optimal value81. Like in the clock reference cavity case, for proper mode-matching, we 

propagate this mode outside of the cavity through mirror M1 and overlap it with the input beam. 

 

Figure 7.2: SHG in a bow-tie cavity with an LBO crystal, including a Hänsch- Couillaud cavity locking 
polarimeter that comprises a /4 waveplate, a polarizing beam splitter, two PDs, and a differential amplifier (not 

shown). Also shown in the input beam mode-matching optical setup. 

 

The 798 nm input beam is emitted from a Schafter and Kirchoff collimator (60FC-4-A18-02). 

The beam diameter is ~3.2 mm. The input mode-matching process is achived by means of a 

10:3 telescope (f1=250 mm, f2= -75 mm) and a focusing lens (f=500 mm) which is located one 
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focal length apart from the middle between the two planar mirrors (see Fig. 7.2). In a bow-tie 

cavity the eigen modes exhibit a second waist in this position79,82,83, which we calculated to be 

226 m on the horizontal axis and 247 m on the vertical axis, due to the astigmatism caused 

by the reflections from the curved mirrors (in perfect accord with79). The measured input 

vertical beam waist at this position is 257 m, indicating a good overlap.  

The expected SHG effeciency from this type of cavity79 is ˃80% and we can expect to have 

over 1 W of light at 399 nm which is sufficient for our setup. 

7.2 The 556 nm Green Laser for Second Stage Cooling and Spin Polarization 
The 1S0→3P1 transition at 556 nm is used in the clock system for two purposes (see Figs. 1.3 

and 3.1). First, it is applied for second stage cooling in the 3D MOT which is loaded with pre-

cooled atoms that are launched towards it from the 2D MOT chamber. The expected velocity 

of such a pre-cooled atomic beam is on the order of tens of m/s and the Doppler limit of the 

pre-cooled atoms is about 700 K (see Eq. 2.7). Applying this additional cooling stage on a 

narrow transition allows further cooling down to a few K. 

The second use of the 556 nm light is spin polarization and it takes place after the atoms are 

loaded in the optical lattice. As the lattice differential light shift (~100 Hz) of the 1S0-3P1 

transition, is smaller than the 556 nm laser light linewidth of 200 kHz, and smaller than the 

transition width of 182 kHz, the same laser can still be operated while the atoms are trapped in 

the lattice. The 1S0 ground state is split to the 𝑚ி = ±1/2 spin states which are probed during 

the clock cycle (see Fig 1.3). The probing process starts by preparing the atoms in one of these 

two states. This process is performed by optical pumping and is often called “spin 

polarization”. A bias vertical magnetic field is generated using the Z-axis compensation coils 

driven by a custom-made power supply controlled by a PC. The bias magnetic field is set to 

about 0.4 mT to split between the Zeeman sublevels, and the light intensity to about 5 μW. The 

light frequency and correct circular polarization are chosen to drive one of the two ∆𝑚ி =

±1 transitions. However, the spontaneous decay from the 3P1 excited state back to the 1S0 

ground state occurs favourably by ∆𝑚ி = 0  transitions. Following 1 ms of optical pumping, 

~98% of the atoms are expected to end in the desired opposite 𝑚ி state. Since the bias field is 

aligned along the Z-axis, also the green spin polarization beam has to be along Z (see Fig. 8.1). 

The 556 nm beam is generated by SHG in a fiber-coupled PPLN waveguide (HCP Mixer 

SC19139-01-01). The fundamental 1111.6 nm beam is generated by a Keopsys CW fiber laser 

(CYFL-KILO-02-LP) which emits about 2 W. The output beam of the laser is reduced and 
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collimated by a telescope (f1= 750 mm, f2= 500 mm), and then is separated by a glass window 

into two beams: a fraction of the light is injected into the fiber for laser stabilization by the 

multi-color cavity, while most of the power is transmitted and injected into the PPLN 

waveguide. The damage threshold of the waveguide is 2000 mW, so care is taken not to exceed 

this limit. The waveguide temperature is stabilized at 64.4° C for perfect phase matching. The 

light from the PPLN enters a double-pass AOM scheme for frequency and intensity control. 

This beam is divided to two branches: most of it is used for the 3D MOT, while only a few W 

are needed for spin polarization. Mechanical optical shutters are installed before the light is 

injected into polarization maintaining fibers for total blocking of residual light scattering from 

the AOM.  

The green MOT is made of three retro-reflecting beams (see Fig. 8.1). Hence, we further split 

the MOT branch to two beams by a ratio of 1:2. The strong beam is injected via a coupler (OZ 

Optics HPUC-2A3AHP-556-P-6.2AS-1) to a 50:50 fiber optic beam splitter (OZ Optics FOBS-

12P-111-3.5/125-PPP-556-50/50-40-), which delivers the light to two axes of the MOT, while 

the weaker beam is injected into a fiber which delivers light to the third axis (see Fig. 7.3). 

 

Figure 7.3: Schematic optical array for creating and propagation of the green beam. 

 

7.3 759 nm Optical Lattice Laser 
The optical lattice, which is used for trapping the atoms, operates at the magic wavelength of 

759 nm (see Sec. 2.2).  The laser linewidth at this frequency must be as small as possible and 

for this we use a Coherent MBR110 Ti:Sapphire laser. This is a wide-spectrum and high 

intensity laser in the range of roughly 600-1100 nm. The lasing medium is Ti3+ ions, embedded 

in a sapphire crystal which is pumped by a Coherent VERDI 10 Nd:YVO4 laser at 532 nm 

(maximal output power 18 W, held at 18.5° C by a water radiator). 
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The light emitted from the MBR110 laser is propagated in free space to the science chamber 

to create the optical lattice potential. The laser frequency is locked to the multi-color cavity by 

the PDH technique as described in Chap. 5. Alternatively, it can also be locked to the frequency 

comb. Although the linewidth of the MBR laser is very narrow (< 75 kHz), the output also 

includes a broad pedestal of amplified spontaneous emission (ASE). This background radiation 

is filtered out using a narrow bandpass (FWHM < 0.005 nm) Bragg filter (Optigrate BragGrate 

Reflective Bragg Grating F2T SPC-759, design wavelength: 759.678 nm in air at 22° C). 

The maximum output power of the MBR is > 2.5 W. This high power is necessary for the 

evaluation of hyperpolarizability terms which do not cancel at the magic frequency and 

contribute to the Stark shift57. During the operation of the lattice, it is crucial to keep the 

intensity stable. This is achieved by means of a control loop that operates on the amplitude of 

an AOM as described in Fig. 7.4. The optics setup for the creation of the optical lattice is shown 

in Fig. 8.1. 

 

Figure 7.4: Optical layout for power and frequency stabilization, as well as frequency filtering of the 759 nm 
lattice beam. 

 

7.4 The 1389 nm Repumper Laser 
The repumper laser is applied at the end of the cycle during the detection stage (see Sec. 3.1). 

Normalized counting of the fraction of atoms in each of the two clock states (1S0 and 3P0) is 

more reliable than counting the atoms only in one state and relying on the assumption that the 

total number from one cycle to another is stable. Therefore, a detection scheme is derived for 

this purpose and it involves the following steps (see Fig. 1.3): 


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1. After the Rabi/Ramsey interrogation, the atomic population is distributed between the 

two clock states. 

2.  A 399 nm pulse excites the atoms in the 1S0 state using the strong 1S0 →1P1 transition, 

hence producing a strong fluorescent signal proportional to the number of atoms in this 

state which is ideal for detection. Each atom can scatter many photons before it heats 

up and is lost from the lattice.  

3. At this stage we can start investigating the number of atoms remaining in the long-lived 
3P0 state remaining in the lattice (the typical lifetime of the atoms in the lattice is about 

3 s84).  

4. A repumper laser pulse of a few mW is applied for a duration of ~ 5 ms. This pulse will 

pump the atoms out of the 3P0 state to the 3D1 state very efficiently. The Rabi frequency 

of the 3P0-3D1 transition is about 70 kHz, so hundreds of Rabi cycles occur during this 

period. We note that the laser does not excite the 3D2 and 3D3 as they are separated by 

THz frequencies. 

5. The atoms in the 3D1 state decay very fast to the 1S0 ground level through the 3P1 state 

(see Fig. 1.3) with a lifetime of 100 ns85, and then to the 1S0 with a lifetime of 875 ns85. 

Next, step number 2 is applied again. This time the measured fluorescence is 

proportional to the number of atoms which were in the 3P0 state.   

By knowing the total number of atoms in each cycle we can obtain a normalized reading 

independent of atom number fluctuations from cycle to cycle (see Eq. 3.1). 

 

Figure 7.5: Manufacturer data of the emission spectrum of the diode laser. 
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The repumper laser in most labs is made by NTT-Photonics which unfortunately do not sell to 

BGU. Hence, we had to find an alternative solution. It is not trivial to find good diodes at this 

wavelength but eventually we found one such DFB laser by Frankfurt Laser Company (FPLD-

1389-10-DFB-BTF). The diode output is via a single-mode fiber, and the power rating at         

25° C is 10 mW at 1389 nm (see emission spectrum in Fig. 7.5). This laser diode is connected 

to a universal 14-pin butterfly laser-diode mount (Thorlabs LM1482). This laser diode is also 

frequency stabilized to the multi-color cavity by the PDH technique. 

7.5 578 nm clock laser system 
The heart of an optical atomic clock is an ultra-stable laser system, which together with the 

optical cavity, acts as a local oscillator. The clock transition in 171Yb is at 578 nm (see Figs. 1.3 

and 3.1). Narrow linewidth diode lasers at this wavelength are unavailable. Instead, we use a 

SHG light of a quantum dot laser at 1156 nm by Innolume (model 1156AR150) which is 

mounted inside an external cavity diode laser (ECDL) model “Cateye” by MOGLabs. This 

system is based on an interference filter placed inside the external cavity as depicted in Fig. 

7.6.   

 

 

 

Figure 7.6: (a) A schematic description of the MOGLabs ECDL - external filter design: The light emitted from the 

quantum dot diode propagates through an ultranarrow intracavity bandpass filter and is retroreflected from the 

output coupler (OC) which is mounted on a PZT and is the front facet of the cavity. (b) General representation of 

the line-narrowing scheme in the ECDL configuration. Here shown for operation at a wavelength λ = 780 nm and 

external cavity length Lext = 15 mm. The brown peaks represent the individual modes. Taken from86. 

 

The output from the laser exhibits a hysteresis behavior with noticeable power jumps as the 

current is increased and smoother behavior when power is decreased (see Fig. 7.7).  

(a) (b) 
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Figure 7.7: MogLabs Cateye (a) output and (b) single-mode operation from the Innolume quantum dot laser 

diode at 1156.84 nm.  

 

The 578 nm light is produced by SHG in a fiber-coupled PPLN waveguide (AdvR, RSH-

T0578_P98FSALO-19051051, see Fig. 7.8). After the waveguide, we can separate the 

remaining fundamental beam from the second harmonic beam by a dichroic mirror (Thorlabs 

DMLP650T). While the 578 nm beam is nicely collimated, the 1156 nm is diverging, and we 

have to correct it with a f=250 mm plano-convex lens. The 1156 nm power after the dichroic 

mirror is 28.5 mW. In Fig. 7.9 we show how the power of the two wavelengths is distributed 

between the optical cavity, the frequency comb, and the atoms.  

(a) 

(b) 
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Figure 7.8: AdvR PPLN waveguide. Conversion efficiency ~200%/W with ~50% coupling per facet. This 

means that for an input beam of 100 mW we get 50 mW of 1156 nm in the SHG medium, that produce by the 

quadratic process 200%∙(50∙10-3)2W2/W=5 mW of 578 nm light. After the second facet, it becomes 2.5 mW. In 

reality we obtain 10 mW. 

The 578 nm beam is double passed in a 100 MHz AOM (AOM 1) crystal (Gooch & Housego 

3100-125), before the light is transmitted in free space to probe the atoms. The 1156 nm beam 

is also double passed through a 125 MHz AOM (AOM 2) crystal (ACM-1202AA32.2) which 

is used to tune the laser frequency to the nearest resonance of the cavity. The laser is always 

locked on the cavity resonance using PDH. However, as the cavity starts to drift, the yellow 

probe beam becomes off-resonance and corrections are applied to this AOM. The output 

following the double pass scheme is divided to two branches. The first branch delivers the light 

to the cavity via an optical fiber and the second branch transmits the output of the clock to the 

optical frequency comb. 

Figure 7.9: Optical array of the clock laser system.  
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Because these two lines are transmitted through fibers, it is necessary to perform a frequency 

stabilization process to avoid frequency instabilities that result from thermal or acoustic noise 

in the fiber. This is the role of AOM 3 and AOM 4, as well as the two PDs (see Chap. 10).  

To conclude: The laser is locked to the ultra-stable reference cavity by the PDH method which 

narrows the laser linewidth and provides a short-term stability73,87 of ~10-16. But even this stable 

cavity suffers from a slow drift (about 1 MHz per year87). This long-term drift is detected by 

spectroscopy performed on the atoms in the lattice and is corrected by shifting the output 

frequency using an AOM (AOM2). 
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8. The Optical Setup Around the Science Chamber 
 

The main part of the experiment takes place in the octagon cell (see Sec. 3.5). The atoms from 

the 2D MOT chamber enter this region through the differential pumping tube (DPT) at an 

estimated velocity of few tens of m/s (see Fig. 8.1). This is followed by a series of preparation 

steps inside the octagon. First, a pulse of a counter propagating slowing 399 nm beam is applied 

before a second stage MOT using the green laser (556 nm) is performed. In parallel, a 759 nm 

lattice beam is always present and ultra-cold atoms can already be trapped in this potential. 

Once atoms are loaded into the lattice, it is necessary to cool them to the ground state of the 

lattice potential and sideband cooling (see Sec. 2.2.2), Spectroscopy (578 nm), and detection 

(399 nm and 1389 nm) are performed to this end. To complete the preparation of the atoms, a 

spin polarization (556 nm) step is performed, using an external magnetic bias field and a pulse 

of the green laser along the same direction. Only after all these preparation steps are performed, 

we can start to measure the clock transition and detect the number of atoms in each state. All 

of these operations around a small volume require a detailed and careful design of a 

complicated optical setup which will be described in the following. 

The 399 nm slowing beam enters the chamber through the CF16 viewport opposite the DPT. 

The 556 nm light for the 3D MOT enters the cell via three orthogonal windows as explained in 

Sec. 3.5 and shown in Figs. 8.1 and 8.2.  

The 759 nm lattice beam enters the cell via the bottom CF16 viewport. To enhance the lattice 

potential, it is designed in a concentric FP resonator that supports a standing-wave with a 

narrow waist in the center of the cell. The FP resonator is made from two concave mirrors 

(Thorlabs CM254-150-E03, ROC=150 mm), which are mounted 300 mm apart. The FP is 

stabilized by placing one of the mirrors on a PZT. The input lattice beam is focused in the 

middle of the octagon to a waist of few tens of m88,89.  

The 578 nm clock laser beam is overlapped with the lattice beam by a dichroic mirror (Thorlabs 

DMBP740B) as shown in Fig. 8.1. This mirror has a transmission window for <740 nm and 

for >940 nm, so we can also take advantage of the same dichroic mirror to transmit the 

repumper beam on the same axis. 
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Figure 8.1: (a) A schematic 2D view and (b) 3D view of the octagon cell including the optical elements in the 

X-Z plane. These include: A collimator for the slowing 399 nm beam, two collimators for the retro-reflecting 

green MOT beams and holders for the /4 waveplates and mirrors on the opposite sides.  The lattice beam 

optical assembly comprising a FP resonator made by two concave mirrors. The lattice beam enter the cell via a 

45◦ dichroic mirror. The clock and the repumper beams enter the cell via the same dichroic mirror.The green X 

in the middle of (a) depicts the third beam axis for the 556 nm 3D MOT, along the y axis. 

 

We perform fluorescence detection by collecting the blue 399 nm fluorescence light, caused by 

a pulse of 399 nm excitation beam originating from the same direction as the 399 nm slowing 

beam. The fluorescence detection is done at a 90° angle from the excitation beam. To optimize 

the signal to noise ratio we need to collect as many photons as possible by increasing the 

detection solid angle as much as possible. For this reason, we position a 2” lens (Thorlabs 

LA1401-A, f = 60 mm) close to the CF40 viewport, only 50 mm from atoms (see Fig. 8.2). The 

diameter of the optical aperture of the CF40 viewport is 1.42’’, and its distance from the center 

of the cell is 25 mm, so we collect light from solid angle of 1.16 sr (about 9.2% of a full sphere). 

The difficulty in this configuration is that the third beam of the green MOT also needs to enter 

the chamber through this lens and window. We can overcome this problem by selecting a 

second lens (Thorlabs LA1399-A, f=175 mm), which is placed 85 mm from atoms. The 

combination of these two lenses allow to focus the collected fluorescence signal further away 

from the center of the octagon on a PMT after it is reflected by a dichroic mirror (Thorlabs 

DMLP490R). The collimated green MOT beam is achieved by entering a 15 mm diameter 

circularly polarized beam into the cell through the opposite CF40 viewport. As this beam exits 
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the cell, it passes through the abovementioned two lenses and is focused before transmitted 

through the dichroic mirror. We then use a third, f=125 mm lens (Thorlabs LA1384-A), which 

is positioned 190 mm from the center of the octagon to re-collimate the beam. The collimated 

beam then continues to travel through a /4 waveplate before being retroreflected by a mirror.  

 

 

 

Figure 8.2: (a) A schematic drawing to demonstrate the optical bench designed in order to perform 399 nm 

fluorescence detection  and enter a 556 nm MOT beam on the same axis. (b) A SolidWorks simulation of the 

octagon in the X-Y plane demonstrating how all the optical elements are mounted. The green beam is not to 

scale. The clock interrogation sequence is described in Sec. 3.1. 

(a) 

(b) 
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9. The Optical Frequency Comb (OFC) 
 
9.1 History and Basics of the OFC  

One of the major difficulties in the realization of optical clocks is the need to bridge the gap 

between the clock frequency (in the order of hundreds of terahertz) and the frequency of digital 

electronic devices (which have an operational bandwidth of few GHz at most), without 

degrading the frequency stability which is realized in the optical domain. This down-

conversion step is necessary for making comparisons with other clocks and for time and 

frequency dissemination for the purpose of synchronization of remote systems. During the last 

decades of the previous century, frequency down-conversion was performed by means of 

complex frequency chains capable of filling the frequency gap11. However, these devices were 

based on a combination of several intermediate transfer oscillators that generated a 

progressively higher frequency, always related to the reference microwave that, in turn, was 

referenced to the primary frequency standard. Because of the complexity of this process, it was 

unreliable and could not form a base for an optical frequency standard.   

The OFC was developed in the late 1990’s by J. L. Hall and T. W. Hänsch (Nobel prize in 

2005). Around the year 2000, the realization of the optical frequency comb (OFC) allowed for 

the replacement of these complex frequency chains, thus enabling a vast 

simplification in precision optical measurements and rapid progress in the development of 

various types of optical atomic standards.  

The OFC is based on a mode-locked laser (MLL) producing a train of ultra-short optical 

pulses at a repetition rate frep = c/2L, determined by the length of the laser cavity, L. According 

to Fourier theory, an ultrashort pulse will incorporate a broad range of frequencies, the extent 

of which is proportional to the inverse of the pulse duration, FWHM. However, for an 

infinite periodic train of pulses, the frequency spectrum will consist of discrete, infinitely 

narrow frequency components, creating an optical frequency comb instead of a continuous 

band of frequencies:  n=n/(2π), with Fourier amplitude components, An, and mode number, 

n, such that 

𝐸(𝑡) = 𝐴(𝑡)𝑒௜ఠ೎௧ = ∑ 𝐴௡𝑒௜ఠ೙௧௡೑

௡ୀ௡೔
,    (9.1) 

where c is the fundamental mode of the laser (the carrier) angular-frequency. These 

components, corresponding to the coherent modes of the laser cavity, are spaced by the 

repetition frequency of the laser which depends on the round-trip time in the laser cavity, T, 
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adhering to the relation frep = 1/T (see Fig. 9.1). Because the carrier frequency, c=c/2 is not 

necessarily an exact multiple of the mode spacing, frep, the individual Fourier frequencies are 

shifted from integer multiples of frep by a common offset, fceo ≤ frep, such that 

   𝜈௡ = 𝑛 ∙ f୰ୣ୮ + fୡୣ୭ ,    (9.2) 

where n is a large integer of the order of 106 that indexes the comb line, and fceo is the carrier -

envelope offset (CEO) frequency90. Eq. 9.2 is referred to as the comb equation. 

The physical source of this offset is the dispersion of the laser cavity. The dispersion causes 

the pulse envelope, which propagates at the group velocity, vg, to lag behind the carrier electric 

field, which propagates at the phase velocity, vp. Fig. 9.1(a) shows how this phenomenon causes 

a constant phase difference between the carrier and the envelope of 

                  Δφୡୣ୭ = 𝐿 ∙ 𝜔௖ ൬
ଵ

୴೒
−

ଵ

୴೛
൰.     (9.3) 

 

Figure 9.1: (a) The output of an MLL in the time domain. The laser produces a periodic train of ultrashort pulses 

having a duration of τFWHM and a repetition frequency of frep=1/T (in this figure T represented as rep). The 

difference between the group and phase velocities in the laser cavity causes the peak of the oscillating carrier 

electric field to shift with respect to the peak of the envelope from one pulse to the next by an amount ∆φceo, the 

CEO phase shift. (b) The corresponding frequency-domain output of an MLL. The periodic train of pulses 

produces a comb of discrete frequency components with an extent that is inversely proportional to the duration 

of each pulse and a spacing that is given by the repetition frequency of the pulse train. The CEO phase-shift 

uniformly shifts the components of the optical frequency comb from integer multiples of the repetition 

frequency. This uniform shift, or CEO frequency, fceo, is proportional to ∆φceo. Every component of the frequency 

comb is uniquely determined by the two degrees of freedom of the comb, frep and fceo. Taken from 
91. 
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In the spectral domain, a rigid shift will occur for the frequencies at which the pulses add 

constructively. Since the same phase difference, Δφୡୣ୭, is accumulated for any round-trip with 

period time T (see Fig. 9.1), this shift is determined to be  fୡୣ୭ = Δφୡୣ୭ 2𝜋𝑇⁄ =

Δφୡୣ୭f୰ୣ୮ 2𝜋⁄ .  

According to the comb equation (Eq. 9.2), in order to achieve a stabilized comb, 

both fceo and frep must be stabilized. Nonetheless, it is sufficient to use a microwave clock with 

a fractional uncertainty < 10-12 to achieve a fractional uncertainty <1017 in the optical 

frequency.  

 

 9.2 Stabilization of fceo and frep  

The CEO frequency is detected and stabilized by the f-to-2f technique. First, it is necessary to 

broaden the spectrum wider than one octave. However, the spectrum bandwidth generated from 

an ordinary mode-locked Ti:sapphire oscillator is generally less than 100 nm. To produce an 

octave-spanning spectrum, photonic crystal fiber (PCF), an ideal material with high effective 

nonlinearity, is used to extend the spectrum by the self-phase-modulated femtosecond laser 

pulse generated from ordinary Ti:sapphire oscillators.  

If the spectrum is sufficiently broad, for example covering over a full octave, then it is 

possible by the heterodyne beating technique to isolate and stabilize fceo. This is carried out by 

separating the low frequency end of the spectrum from the high end by a dichroic mirror. The 

low end of the spectrum is frequency-doubled using a nonlinear LBO crystal to obtain 2 n. The 

frequency of the tooth index 2n at the high end of the spectrum is given by 2n = 

2nfrep + fceo. Next, we combine the two beams so the beating frequency, which is detected on a 

fast photodiode, is the CEO frequency  

      2 n −  2n = 2(nfrep + fceo) – (2nfrep + fceo) = fceo.   (9.3)  

This “f-to-2f” measurement technique is also termed “self-referencing”. The detected fceo can 

be stabilized by comparing it to a reference frequency from a microwave atomic standard and a 

servo loop which operates on the pumping power of the MLL.   

The  repetition frequency, frep, is stabilized by phase-locking the heterodyne beat 

between an optical standard reference frequency and the nearest comb component to a 

microwave reference. The heterodyne output drives a servo system that operates on a piezo 

crystal that controls the cavity length and consequently varies frep.  
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An alternative method to avoid the stabilization of fceo is to generate a difference frequency 

generation (DFG) comb (see Fig 9.2)92. The DFG comb (red line) is produced by mixing of the 

high frequency part (nh) and the low frequency part (nl) of the fundamental comb spectrum 

(blue line), given by  

                                   DF = (nhfrep + fceo) − (nlfrep + fceo) = (nh  - nl)frep    (9.4) 

The resulting difference comb is independent of fceo, meaning that the CEO of the DF pulse 

train is zero and the carrier-envelope phase of every pulse is the same.  

  

  

Figure 9.2: (Blue) The original super continuum frequency comb. (Red) The fceo–free difference frequency 

comb generated by subtracting the low-end from the high-end parts of a supercontinuum comb in a nonlinear 

crystal.  

  

  

9.3 Menlo Systems FC1500-ULNplus OFC  
There are only few companies that produce optical frequency combs. As noted, this 

sophisticated equipment must not degrade the stability of the optical standard when used for 

frequency dissemination for comparisons between various optical frequency standards or 

synchronization. This is not easy to realize and, to date, comparisons between optical clocks in 

national metrology centers are performed with Menlo Systems combs93. We have decided to 

purchase the latest model: FC1500-ULNplus OFC. This comb is based on a femtosecond Er-

doped polarization-maintaining fiber oscillator operating at a repetition rate (frep) of 250 MHz 

and a center wavelength of 1560 nm. The oscillator contains two intra-cavity EOMs that enable 

MHz bandwidth stabilization of both frep and fceo with minimal cross-talk. Additional low-

bandwidth piezo and thermal actuators extend the tuning range of frep , while enabling the comb 

to remain locked for months at a time94. Data of the comb are shown in table 9.1.  
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Table 9.1: manufacturer data of the FC1500-ULNplus OFC.    

  

9.4 State-of-the-Art of OFC Field  
As the field of OFC becomes more mature and the technology is advancing, various producers 

of OFC enter the market. Below is a list of links to companies that produce frequency 

combs. Nonetheless, to this date, the only company that reports on specifications similar to 

Menlo Systems is Toptica Photonics, which uses a DFG comb scheme.  

 https://www.menlosystems.com/  

 https://www.laserquantum.com/products/detail.cfm?id=100  

 http://avesta.ru/en/product/efo-comb-optical-frequency-comb-synthesizer/  

 https://www.toptica.com/products/frequency-combs/  

 https://www.imra.com/products/imra-scientific/frequency-comb  

 https://www.vescent.com/products/lasers/ffc-100-frequency-comb/  

 

In addition to the traditional technology of OFC which is based on comb generation by an 

MLL, recent developments of micro OFCs which are based on micro-disk resonators driven by 

a CW laser begin to evolve95,96. For an updated review on the field of microcomb resonators, I 

direct the reader to Ref. 97.  
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10. Phase Stabilization of Optical Fiber Links 
 

The clock system requires the use of optical fibers to transmit light from the clock laser to other 

components, i.e., the reference cavity and the frequency comb. Furthermore, the lattice clock 

is designed to disseminate its stable frequency via optical fibers to other centers in order to 

perform frequency comparisons98 or synchronization. The use of optical fibers may cause 

instabilities in the laser light phase due to changes in length and index of refraction in the fiber, 

which are mainly caused by temperature fluctuations, torsion, vibrations, and so on.    

To compensate these phase variations, a Michelson interferometer scheme is implemented (see 

Fig. 10.1). The input light from the laser is reflected by a PBS cube towards an AOM operating 

at 80-125 MHz. The local (reference) arm of the interferometer includes the zero-order beam 

which is not affected by the AOM. This beam is passed through a /4 waveplate before it is 

retroreflected by a mirror. The returning beam is transmitted through the input PBS and is 

aligned by a mirror to hit a fast amplified PD (EOT ET-3000A). The remote arm of the 

interferometer includes the first-order diffraction from the AOM which is passed through the 

optical fiber. At the exit from the fiber, a fraction of the light is reflected by a non-polarizing 

beam splitter (BS) cube, while the other fraction is transmitted towards the other clock 

components such as the cavity and the comb. This reflected fraction is passed in a/4 

waveplate before it is retroreflected by a mirror through the same /4 waveplate and all the 

way back through the fiber, the AOM, and the input PBS until it also hits the same PD. The 

beams from the local and the remote arms of the interferometer have the same polarization and 

interfere with each other on the PD. The detected beat note will appear at twice the modulation 

frequency of the AOM (160-250 MHz). The noise added by the round trip through the fiber is 

considered to be identical in both directions due to the fact that the speed of light is much faster 

than the rate at which the fiber noise is changed.  

This beat note is compared in a phase locked loop (PLL) to the original drive frequency of the 

AOM. This frequency is synthesized from a 10 MHz signal from an atomic 

clock (AccuBeat AR76) having a long-term fractional instability of 10-11. Any detected 

deviations of the beat note frequency from the AOM driving RF frequency are attributed 

to phase fluctuations which are acquired in the remote arm. These fluctuations can be 

compensated by implementing fast corrections on the AOM frequency99 (see details in the 

appendix). 
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Figure 10.1: A typical scheme of a fiber-link phase stabilization system. In this design, care is given to avoid 

reflections from the returning beams towards the laser source.  

In addition to such local optical links, which are necessary for the clock operation, optical fibers 

are ideal for frequency dissemination over long distances. This can be realized by transmitting 

the light of a telecom wavelength laser, which is locked to the stabilized frequency comb. The 

stabilized light can travel in a dedicated dark fiber link100 or via a dark channel link98. In both 

cases, the realization of the Michelson interferometer stabilization scheme is used to ensure 

that the transmitting medium will not introduce phase and amplitude noises in the signal. In 

addition, it is necessary to overcome attenuation problems due to insertion losses into the fibers 

and due to absorption and scattering along the fiber length. Therefore, amplifiers must be 

inserted for long haul frequency dissemination, while the amplifiers must be bi-directional 

and must keep the phase of the carrier frequency20.  

As noted, two different approaches are used, either a 'dark fiber' or a 'dark channel'. The first 

approach relies on a fiber that is solely used for the frequency transfer. In the second approach, 

wavelength-division multiplexing is employed where several optical carrier signals travel in a 

single optical fiber in different channels and only one channel is free from internet traffic. The 

dark fiber approach is more expensive but has the advantage that more extensive modifications 

of the fiber lines are possible, for example, Brillouin amplification101 with higher power, 

thereby reducing the number of repeater stations considerably20.  

A use of a dark channel, for example, can be found in the European clocks network99, with a 

robust long distance (540 km) phase stabilized optical link along public telecommunication 

lines. In this “dark channel” technique, the C-band is divided to 100 GHz channels (0.8 nm) by 

dense wavelength division multiplexing (DWDM). One channel is sufficient and can easily 

support the propagation of the ultra-stable signal, leaving the rest of the wavelength window 

available for data transmission. Depending on many parameters, such as length, fiber noise, 

amplifiers along the way, etc. in the general case, for a ~200 km link, the frequency instability 
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can be expected to be < 10-15-1, allowing to reach 10−19 accuracy in only 10,000 seconds. The 

dark channel technique is enabled by applying various elements such as passive optical filters, 

and optical add/drop multiplexers (OADM) to inject or extract a single channel from the 

DWDM flux. The typical design of a dark channel link between two optical clocks is shown in 

Fig. 10.2.    

 

Figure 10.2: Frequency dissemination scheme using internet links. The distance between the intermediate 

stations is less than 50 km. 1- transmitter, 2 - optical add/drop multiplexor (OADM), 3 - bidirectional erbium-

doped fiber amplifier, 4 - unidirectional optical amplifier, 5 – detector, DWDM – traffic of data converted using 

the dense wavelength division multiplexing method; here us is the ultra-stable frequency signal. Taken from99. 

In the coming years we aim to form an optical clocks network. The first node of this network 

will connect between our 171Yb lattice clock and the Sr+ and Ca+ optical ion clocks, built at the 

Weizmann Institute (by Prof. Roee Ozeri’s group49). This is in order to perform comparisons 

against an external and independent source of an optical frequency standard. Without such a 

comparison, the performance of our clock can be evaluated only by systematic analysis of the 

most dominant perturbations, where the comparison with another clock, with accuracy of 

similar level, provides us with an external estimation of the clock systematic uncertainty.  

   

Figure 10.3: The IUCC optical network grid in Israel.   
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The straightforward way for linking between the optical clock labs in BGU and the Weizmann 

Institute of Science will be based on the infrastructure of the inter-university 

computation center (IUCC) optical fiber network. The layout of this network is depicted in Fig. 

10.3. The plan is that both the Weizmann institute and BGU will be connected through Tel-

Aviv university. The distances from each lab to the connecting junction in Tel-Aviv are 

relatively short and the number of amplifiers that will have to be installed along the route is 

minimal. In average it is necessary to put an amplifier every 20 dB of losses. Hence, we expect 

that the degradation of the signal between the labs will not require installing complicated 

components such as regeneration laser stations along the path, like there are in similar systems 

in Europe98, where the distances are much larger.   
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11. Summary and Outlook 
 

The optical clock project presented in this thesis is a very complex project. During my M.Sc. 

I have built and/or operated and optimized the following components: 

1. Locking the clock laser to the 30 cm high-finesse cavity. 

2. Locking the 798 nm and 1112 nm lasers to the 5 cm long cavity. 

3. Designing and winding the Zeeman slower coils. 

4. Designing and assembling the vacuum system, include the oven, the two MOT 

cells, the coils and the optical components. 

5. Assembling the bow-tie cavity, and optimizing the SHG of the 399 nm light 

from the 798 nm beam. 

6. Operating and characterizing the commercial Menlo System frequency comb. 

The optical clock is still under development and we aim to complete it as soon as possible for 

initial characterization. Later, there will certainly be a process of improvements and 

implementations. We can divide these activities to short- and long-term goals. 

Short-term goals: 

a. Optimizing the laser lock to the cavity and measuring the laser linewidth against an 

independent sub-Hz laser system from Menlo systems. 

b. Comparing the 2D MOT loading from the Zeeman slower vs. the dispenser. 

c. Comparing the loading time, and size of the 3D MOT when loaded from a 2D MOT or 

when loaded by optical deflection of the atomic beam which is emitted from the 

Zeeman slower. 

Long-term goals: 

a. Realizing a stable optical link between the lattice clock in BGU and the ion clocks in 

the Weizmann Institute. 

b. Improving the systematic uncertainties in our current system e.g., reducing BBR 

uncertainty by replacing the stainless-steel chamber with a copper chamber or a 

cryogenic lattice environment. 

c. Investigation of different lattice configurations. 

d. Continuous long-term stable operation of the clock. 

e. Contribution to synchronization of advanced high-rate systems in Israel.  
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f. Shortening the clock cycle by implementing non-destructive measurements for 

counting the atoms. 

g. Exploring methods to improve the standard quantum limit stability by implementing 

squeezing protocols. 

h. Finally, incorporating this unique metrological device in investigations of the 

foundations of quantum theory by pushing the boundaries of precision measurements, 

as well as testing exotic theories concerning dark matter, dark energy, supersymmetry, 

and extensions to quantum mechanics. 
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Appendix: Phase Noise Cancelation in an Optical Fiber-Link 
 

This appendix includes a general mathematical analysis of a phase-locked loop (PLL), and in 

particular a fiber phase stabilization loop as exists in our clock system. At the end of the 

discussion, an idea is obtained regarding the filter F() component that corresponds to the 

system, depending on its parameters (fiber length and refracting index, etc.), and also an 

expression of phase noise that cannot be eliminated by the PLL system as a function of .  

Frequency Dependence Phase-Locked Loops  
The basic principle of any PLL is as follows: the oscillator to be stabilized has a tuning input 

that can be controlled by applying a voltage. This is commonly referred to as a voltage-

controlled oscillator (VCO). The VCO frequency is compared to a stable reference by feeding 

both into a phase detector. The phase detector (e.g., a frequency mixer) returns a voltage VPD 

that depends on the phase difference (𝜑௜௡ − 𝜑௢௨௧) 100 

𝑉௉஽ = 𝐺଴ ∙ (𝜑௜௡ − 𝜑௢௨௧),    (A.1) 

with the device-dependent gain factor 𝐺଴. The loop filter transforms this error signal into a 

control signal that suppresses noise and high frequency components. The VCO is steered by 

the control voltage with a transfer function h(t). In the Laplace domain it is transformed into 

the loop filter response function H(s): ℎ(𝑡)
ℒ
→ 𝐻(𝑠), with the imaginary variable s = iω 

𝐻(𝑠) = ∫ ℎ(𝑡)𝑒ି௦௧𝑑𝑡
ஶ

ିஶ
.    (A.2) 

 

 

Figure A.1: An experimental setup for a phase noise compensation scheme of an optical fiber link. Taken from102.  
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For Laplace transform pairs (as for Fourier transform), the following relations are useful100:  

  
ௗ೙௛(௧)

ௗ௧
  

ℒ
↔  𝑠௡𝐻(𝑠);     (A.3) 

   𝑔(𝑡) = ∫ ℎ(𝜏)𝑑𝜏  
ℒ

↔   𝐻(𝑠)/𝑠
௧

ିஶ
;    (A.4) 

         𝑔(𝑡 − 𝜏)   
ℒ

↔   𝐺(𝑠)𝑒ି௦ఛ .    (A.5) 

Using Eqs. A.1 - A.5 yields the characteristic loop parameters 

   𝑉෨௉஽(𝑠) = 𝐺଴[𝜑෤௜௡(𝑠) − 𝜑෤௢௨௧(𝑠)];    (A.6)  

𝑉෨஼(𝑠) = 𝐹(𝑠)𝑉෨௉஽(𝑠);     (A.7) 

                                  𝜑෤௢௨௧(𝑠) = 𝐾௏஼ை𝑉෨஼(𝑠)/𝑠,    (A.8)  

with the loop filter function F(s). The system transfer function for the forward light, H(s), is 

  𝐻(𝑠) = 𝐺଴𝐾௏஼ை𝐹(𝑠)/𝑠.     (A.9)  

Fig. A.1 shows a phase noise compensation scheme which is applied to the stabilization of an 

optical fiber link. The phase noise induced by the fiber link is detected by beating the round 

trip beam with the input reference beam on a fast PD. The beating frequency is compared to a 

stable reference using a mixer. Any detected phase difference is converted to voltage with a 

gain G0, filtered with a transfer function F(s), converted to frequency using VCO with transfer 

function (KVCO/s), and then sent to VCO to control an AOM which compensates the phase 

changes in the transferred frequency.  

We can analyze the effect of the compensation system on the light that propagates forwards 

and backwards in the link. The system transfer function for the forward light is H(s) and for 

the return light after round-trip time of 2τ is Hs) ∙ e-2i. Therefore, the transfer function of the 

compensation system (open loop gain) is 

  𝐺(𝑠) = (1 + 𝑒ିଶ௜ఠఛ)𝐺଴𝐾௏஼ை𝐹(𝑠)/𝑠.    (A.10)  

Finally, the phase noise is suppressed by the error transfer function (1+G(s))-1, so the phase 

noise spectral density is103 

                 𝑆௢௨௧(𝑠) = ቚ
ଵ

ଵାீ(௦)
ቚ

ଶ

𝑆௜௡(𝑠).   (A.11)  
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Phase Noise Cancelation in Fiber Links  
Thermal and acoustic noises along a fiber may induce a phase shift δφ(z, t) on the light passing 

the fiber at time t and position z. 

 

Figure A.2: A round-trip and a one-pass detection of an event takes place at position z along a fiber with length L. 

Taken from102. 

The accumulated phase noise in the forward direction from the position z = 0 to z = L at time t 

is 102 

𝜑௙௜௕ (𝑡) = ∫ 𝛿𝜑൫𝑧, 𝑡 − (𝜏 − 𝑧/𝑐௡)൯𝑑𝑧
௅

଴
,   (A.12) 

where τ = L/cn is the propagation time delay in the fiber  and cn is the speed of light in the fiber. 

Part of this light is then returned in the fiber for phase noise detection and compensation. The 

phase noise accumulated by the round-trip at a time t is 

  𝜑௙௜௕௘௥,ோ்(𝑡) = ∫ [𝛿𝜑(𝑧, 𝑡 − 𝑧/𝑐௡) + 𝛿𝜑(𝑧, 𝑡 − (2𝜏 − 𝑧/𝑐௡))]𝑑𝑧
௅

଴
.  (A.13) 

The above equations are in the time domain. Using a Fourier transformation, the two equations 

are represented in the frequency domain 

𝜑෤௙௜௕௘௥(𝜔) = ∫ 𝑒ି௜ (ఛି௭/௖೙)𝛿𝜑෤(𝑧, 𝜔)𝑑𝑧
௅

଴
;   (A.14) 

       𝜑෤௙௜௕௘௥,ோ்(𝜔) = ∫ [𝑒ି௜ (௭ ௖೙⁄ ) + 𝑒ି௜ఠ(ଶఛି௭/௖೙)]𝛿𝜑෤(𝑧, 𝜔)𝑑𝑧
௅

଴
;  (A.15) 

or 

𝜑෤௙௜௕௘௥,ோ்(𝜔) = ∫ 𝑒ି௜ఠఛ[𝑒௜ఠ(ఛି௭ ௖೙⁄ ) + 𝑒ି௜ఠ(ఛି௭/௖೙)]𝛿𝜑෤(𝑧, 𝜔)𝑑𝑧
௅

଴
. 

Using the relation:  cos(𝑥) =
௘೔ೣା௘ష೔

ଶ
, we get 

      𝜑෤௙௜௕௘௥,ோ்(𝜔) = 2 ∫ 𝑒ି௜ఠఛcos (𝜔(𝜏 − 𝑧 𝑐௡⁄ ))𝛿𝜑෤(𝑧, 𝜔)𝑑𝑧
௅

଴
.  (A.16) 

The phase noise spectral density is defined as: 𝑆(𝜔) = |𝜑෤(𝜔)|ଶ. Under the assumption that the 

phase noise of the light inside the fiber is uncorrelated in position, we can get the phase spectral 



77 
 

density for a length element of the fiber, and then integrate it for all the fiber length. Using Eq. 

A.14 and the relation ห𝑒௜௫ห
ଶ

= 1  we can find the phase noise spectral density for a fiber element  

       𝑑𝑆௙௜௕௘௥(𝜔, 𝑧) = 〈|𝛿𝜑෤(𝑧, 𝜔)|ଶ〉,    (A.17) 

and for the total fiber length in the one pass 

             𝑆௙௜௕௘௥(𝜔) = ∫ 〈|𝛿𝜑෤(𝑧, 𝜔)|ଶ〉𝑑𝑧
௅

଴
= 𝐿 ∙ 𝑑𝑆௙௜௕௘௥(𝜔, 𝑧).  (A.18) 

In the same way, the phase noise spectral density element dSfiber,RT (ω, z) in the round-trip light 

is 

𝑑𝑆௙௜௕௘௥,ோ்(𝜔, 𝑧) = 4〈|cos [𝜔(𝜏 − 𝑧 𝑐௡⁄ )]|ଶ〉〈|𝛿𝜑෤(𝑧, 𝜔)|ଶ〉.  (A.19) 

Since 〈|𝛿𝜑෤(𝑧, 𝜔)|ଶ〉 =  𝑑𝑆௙௜௕௘௥(𝜔, 𝑧) =
ௌ೑೔್೐ೝ(ఠ)

௅
, and using the relation 𝑐𝑜𝑠ଶ(𝑥) =

ଵ

ଶ
(1 +

cos(2𝑥)), we get 

𝑆௙௜௕௘௥,ோ்(𝜔) = 4
ௌ೑೔್೐ೝ(ఠ)

௅
∫ 〈|cos (𝜔(𝜏 − 𝑧 𝑐௡⁄ )|ଶ〉

௅

଴
𝑑𝑧 =   (A.20) 

= 2
ௌ೑೔್೐ೝ(ఠ)

௅
〈∫ ቂ1 + cos ቄ2𝜔 ቀ𝜏 −

௭

௖೙
ቁቅቃ 𝑑𝑧

௅

଴
〉, 

and by integration 

  𝑆௙௜௕௘௥,ோ்(𝜔) = 2
ௌ೑೔್೐ೝ(ఠ)

௅
ቂ𝐿 +

௅

ଶఠఛ
sin(2𝜔𝜏)ቃ = 2𝑆௙௜௕௘௥(𝜔)[1 + 𝑠𝑖𝑛𝑐(2𝜔𝜏)].  (A.21) 

It is important to note that at low frequencies the round-trip phase noise is four times higher 

than the one-pass phase noise, and at higher frequencies it is only two times higher (sinc(0) = 

1, sinc(x˃˃1)≈0).  

The transfer function (open loop gain) of the compensation system is (see Eq. 11. Here we use 

=s/i)  

𝐺(ω) = G଴F(ω)K
൫ଵ ା ୣషమ౟ಡ  ൯

୧ன
= G଴F(ω)K ቂ

ଵ

௜ఠ
+

ୡ୭ୱ(ଶఠఛ)ି௜௦௜௡(ଶఠఛ)

௜ఠ
ቃ =  (A.22) 

= −
ୋబ୊(ன)୏

ఠ
[sin (2𝜔𝜏) + 𝑖(1 + cos (2𝜔𝜏))]. 

The compensated round-trip signal is obtained by applying the error transfer function 

(1+G())-1 to the round-trip phase noise, and obtain the local spectral density (see Eq. A.11) 
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                        𝑆௟௢௖௔௟(𝜔) = ቚ
ଵ

ଵାீ(ఠ)
ቚ

ଶ

∙ 𝑆௙௜௕௘௥,ோ்(𝜔).    (A.23) 

The phase change and the magnitude of the gain that result from the PLL are obtained as 

follows: 

|𝐺(ω)|ଶ = ቀ
ୋబ୊(ன)୏

ఠ
ቁ

ଶ
[𝑠𝑖𝑛ଶ(2𝜔𝜏) + 1 + 2cos (2𝜔𝜏) + 𝑐𝑜𝑠ଶ(2𝜔𝜏)] = 2 ቀ

ୋబ୊(ன)୏

ఠ
ቁ

ଶ

[1 + cos (2𝜔𝜏)]. 

And using the relation 1 + cos (2𝜔𝜏) = 2 𝑐𝑜𝑠ଶ(𝜔𝜏) we get an expression for the gain 

magnitude A() 

𝐴(𝜔) = |𝐺(ω)| = 2 ቀ
ୋబ୊(ன)୏

ఠ
ቁ cos (𝜔𝜏).   (A.24) 

The phase of the gain transfer function 𝜙 = 𝑡𝑎𝑛ିଵ(
ூ௠(ீ)

ோ௘(ீ)
), (using the trigonometric identities 

for double angle), is  

𝜙 = 𝑡𝑎𝑛ିଵ ൤
1 + 𝑐𝑜𝑠(2𝜔𝜏)

𝑠𝑖𝑛(2𝜔𝜏)
൨ = 𝑡𝑎𝑛ିଵ ቈ

2𝑐𝑜𝑠ଶ(𝜔𝜏)

2sin (𝜔𝜏)cos (𝜔𝜏)
቉ = 𝑡𝑎𝑛ିଵ[𝑐𝑜𝑡𝑎𝑛(𝜔𝜏)] = 

= 𝑡𝑎𝑛ିଵ[−tan (𝜔𝜏 + 𝜋/2)], 

and hence 

    𝜙 = −(𝜔𝜏 + 𝜋/2).     (A.25) 

 

 

Figure A.3: Bode plots for the gain magnitude (a) and phase (b), here for a 920 km fiber interferometer (round-

trip delay ∼10ms). At multiple integers of 1/4τ the gain amplitude is zero and the phase diverges. Taken from100. 

According to Eqs. A.24 and A.25, the magnitude of the gain becomes zero and the phase 

becomes −π when f== n/4τ, where n is an integer. That means that G0(ω) and especially 

(a) (b) 
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F(ω) have to be chosen carefully to assure a stable loop operation by filtering specific 

frequencies. Actually, we can compensate for phase noise when 𝜙 ≤ π/2, and hence for 

frequencies below f = 1/2τ. Oscillations in the compensated phase noise occur if we try to 

compensate for noises at Fourier frequencies f > 1/4τ, as shown in Fig. A.3. 

However, even for an optimized loop filter, the one-pass phase fluctuations are not perfectly 

canceled due to the large delay. This is denoted as delay unsuppressed fiber noise. The residual 

phase error 𝜑෤௥௘௠௢௧௘(𝜔) at the remote end is given by subtracting the compensated one-pass 

phase noise from the uncompensated one. Here, the compensated phase noise is given by 

 𝜑෤௥௘௠௢௧௘(𝜔) = 𝜑෤௙௜௕௘௥(𝜔) − 𝐻(𝜔)𝑒ି௜ఠఛ𝜑෤௟௢௖௔௟(𝜔) =   (A.26) 

= 𝜑෤௙௜௕௘௥(𝜔) −
ீ(ఠ)

ଵାீ(ఠ)

ଵ

ଶୡ୭ୱ (ఠఛ)
𝜑෤௙௜௕௘௥,ோ்(𝜔). 

As mentioned above, the spectral power density is 𝑆(𝜔) = |𝜑෤(𝜔)|ଶ, so 

𝑆௥௘௠௢௧௘(𝜔) = ቚ𝜑෤௙௜௕௘௥(𝜔) −
ீ(ఠ)

ଵାீ(ఠ)

ଵ

ଶ ୡ୭ (ఠఛ)
𝜑෤௙௜௕௘௥,ோ்(𝜔)ቚ

ଶ

.  (A.27) 

By some algebraic manipulation (see 102), and under the assumption of equal propagation times 

=RT one can derive the corresponding spectral power density 

               𝑆௥௘௠௢௧௘(𝜔) =
(ఠఛ)మ

ଷ
𝑆௙௜௕௘௥(𝜔) = 𝑆௥௘௠௢௧௘(𝑓) =

ସగమ

ଷ
ቀ𝑓

௅

௖೙
ቁ

ଶ

𝑆௙௜௕௘௥(𝑓).   (A.28) 

This term becomes non-negligible while the length of the fiber is long enough in comparison 

to f/cn. 
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